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ABSTRACT
We present an extension to the general relativistic radiation magnetohydrodynamic code
HARMRAD to account for emission and absorption by thermal cyclo-synchrotron, double
Compton, bremsstrahlung, low-temperature OPAL opacities as well as Thomson and Comp-
ton scattering. We approximate the radiation field as a Bose-Einstein distribution and evolve it
using the radiation number-energy-momentum conservation equations in order to track photon
hardening. We perform various simulations to study how these extensions affect the radiative
properties of magnetically-arrested disks accreting at Eddington to super-Eddington rates. We
find that double Compton dominates bremsstrahlung in the disk within a radius of r ∼ 15rg
(gravitational radii) at a hundred times the Eddington accretion rate, and within smaller radii
at lower accretion rates. Double Compton and cyclo-synchrotron regulate radiation and gas
temperatures in the corona, while cyclo-synchrotron regulates temperatures in the jet. Inter-
estingly, as the accretion rate drops to Eddington, an optically thin corona develops whose gas
temperature of T ∼ 109K is ∼ 100 times higher than the disk’s black body temperature. Our
results show the importance of double Compton and synchrotron in super-Eddington disks,
magnetized coronae, and jets.
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1 INTRODUCTION
Black hole (BH) accretion flows become radiation-dominated and
geometrically thick once the luminosity L & 0.3LEdd, where LEdd ≈
1.3 × 1046[M/(108M)] erg/s is the Eddington luminosity for so-
lar mass M and BH mass M. Such accretion flows tends to have
temperatures of 109 & T & 106 Kelvin (Abramowicz et al. 1988),
where bremsstrahlung (free-free, ep→ e′p′γ) is important.
Double (radiative) Compton (DC, γ1e → γ′1γ2e′) (Lightman
1981; Thorne 1981; Pozdnyakov et al. 1983; Svensson 1984) can
dominate free-free while regulating temperatures so that pairs re-
main sub-dominant (see figure 1 in Thorne 1981). While double
Compton has received attention in cosmology to determine dis-
tortions to the cosmic microwave background (Chluba & Sunyaev
2012; Chluba 2014) and been applied to gamma-ray bursts (Vurm
et al. 2013; Be´gue´ & Pe’er 2015), it has received little attention in
accretion theory except by Poutanen & Svensson (1996).
? E-mail: jcm@umd.edu (JCM)
For photon number density nγ, ion number density ni, electron
mass me, speed of light c, Boltzmann’s constant kb, and temperature
T , the rates of each process show that DC dominates free-free if
nγ
ni
& 1.3
(
mec2
kbT
)5/2
, (1)
(Thorne 1981; Svensson 1984), which has the correction by Svens-
son (1984) of 1.3 instead of the value 0.1 by Thorne (1981). In this
paper, we find DC dominates free-free for the mean opacity when
T > 7 × 107Kρ2/11 (2)
where ρ is mass density in cgs units. For BH X-ray binaries ac-
creting at ten times the Eddington rate, one has ρ ≈ 10−3gcm−3
giving equality at T ≈ 2 × 107K, while simulations show that
T ∼ 5× 107–108K (Sadowski & Narayan 2015a) indicating double
Compton dominates free-free even if not yet included. For super-
massive BHs relevant for tidal disruption events (TDEs) accreting
at the Eddington rate, one has ρ ∼ 10−9gcm−3 giving equality at
T ≈ 1.4× 106K, which is reached within tens of gravitational radii.
Still, it remains uncertain which opacity dominates the mean
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flow behavior. The Novikov-Thorne solution (Novikov & Thorne
1973) or slim disk solution (Abramowicz et al. 1988) could be
used as a guide to how important DC is, but we find the tem-
perature sensitivity makes the conclusions not robust – especially
as the slim disk solution is modified by winds, vertical structure,
and magnetic fields. Also, unlike free-free, double Compton is en-
tirely dependent upon the radiation temperature for non-relativistic
electrons, so non- local thermodynamic equilibrium (LTE) effects
are important to treat. This motivates using simulations to consider
both opacities with separate gas and radiation temperatures.
In addition, cyclo-synchrotron (hereafter, synchrotron) is ex-
pected to be an important source of opacity or emission for low-
luminosity accretion flows or in regions where non-thermal elec-
trons are present. In super-Eddington accretion flows, one expects
synchrotron to be unimportant in the disk. However, the atmo-
sphere above the disk (i.e. corona) and jet can contain a strong
magnetic field at low densities where synchrotron can dominate
(Di Matteo et al. 1997; Uzdensky & McKinney 2011). In addi-
tion, magnetically-arrested accretion disks (MADs) are much more
strongly magnetized than weakly magnetized disks that are usu-
ally considered (Igumenshchev et al. 2003; Narayan et al. 2003;
Tchekhovskoy et al. 2011). Magnetically-supported atmospheres
can harden the spectrum by producing a more extended vertical
disk (Blaes et al. 2006), and synchrotron can provide an abundant
source of low-energy soft photons that can undergo inverse Comp-
ton before being absorbed. So the magnetic field strength can reg-
ulate photon hardening in disk atmospheres and magnetized jets.
In this paper, we consider the competition between free-free,
bound-free, bound-bound opacities from OPAL (Iglesias & Rogers
1996), double Compton, and synchrotron in MAD type black hole
accretion flows. We also consider separate absorption and emis-
sion mean opacities to focus on emission rates in the energy and
momentum equations, rather than the Rosseland mean that only ap-
plies in the diffusion limit for the momentum equation. The absorp-
tion mean handles the effect of irradiation and how the absorption
of radiation is affected by the photon distribution being different
than that given by Planck at the local temperature (Sadowski et al.
2016). Such non-LTE effects lead to a significant correction to the
mean opacities and can qualitatively change the outcome (Hubeny
et al. 2003). Additionally, we evolve the photon number separately
from the photon energy (Sadowski & Narayan 2015a), with sep-
arate number and energy opacities, in order to track photon hard-
ening due to inverse Comptonization. The photon distribution is
assumed to be Bose-Einstein, but with a low-energy transition to
Planck when absorption is faster than inverse Compton.
These physical effects are included within our general rel-
ativistic (GR) radiative magnetohydrodynamics (MHD) (GR-
RMHD) code HARMRAD (McKinney et al. 2014) that uses the
M1 closure. Similar GR (Fragile et al. 2012; Takahashi et al. 2013;
Sa¸dowski et al. 2014; McKinney et al. 2014; Fragile et al. 2014;
Ryan et al. 2015; Takahashi et al. 2016) and non-GR (Jiang et al.
2014a) schemes have been developed.
In §2, we outline our equations of motion, in §3 we present
our GRRMHD simulations, and in §4 we summarize our results.
For the appendices, in §A, we discuss our use of the Bose-Einstein
distribution, in §B we discuss how we compute the mean opacities,
in §C we discuss free-free and related low-temperature opacities, in
§D we discuss synchrotron opacities, and in §E we discuss Comp-
ton scattering and double Compton opacities.
2 EQUATIONS OF MOTION
The conservation laws are
(ρuµ);µ = 0, (3)
(T µν );µ = Gν, (4)
(Rµν );µ = −Gν, (5)
where ρ is the gas density in the comoving fluid frame, uµ is the gas
four-velocity as measured in the “lab frame”, and T µν is the MHD
stress-energy tensor in this frame,
T µν = (ρ + ug + pg + b
2)uµuν + (pg +
1
2
b2)δµν − bµbν, (6)
Rµν is the stress-energy tensor of radiation, Gν is the radiative four-
force describing the interaction between gas and radiation, ug and
pg are, respectively, the internal energy and pressure of the gas in
the comoving frame, and bµ is the magnetic field 4-vector (Gammie
et al. 2003). The magnetic pressure is pb = b2/2 in our Heaviside-
Lorentz units. The ideal induction equation and entropy equations
are also used (McKinney et al. 2014). We assume collisions keep
gas and electron temperatures similar (Sadowski et al. 2016).
2.1 Radiative four-force
We use a covariant formalism for computing the interaction due to
absorption, emission, and scattering (Sa¸dowski et al. 2014; McK-
inney et al. 2014) via a 4-force between the gas and radiation of
Gµ = −(κa + κs)Rµνuν −
(
κsRαβuαuβ + λ
)
uµ, (7)
where κa is the energy absorption mean opacity in the fluid frame
(in which ions and electrons are isotropic), λ is the fluid-frame total
energy density loss rate before absorption (which includes changes
in energy while conserving photon number), and κs is the fluid-
frame energy scattering mean opacity.
2.2 Photon Number Evolution
If the radiation is Planckian, then the chemical potential µ = 0 and
the radiation temperature is derived from only the fluid-frame radi-
ation energy density via Tγ = (E/a)1/4 where E = Rµνuµuν, which
can differ from the gas temperature Tg or electron temperature Te.
A more general photon distribution, like our choice of a Bose-
Einstein distribution (see §A), can be considered by simultaneously
evolving the number density of photons in the radiation frame (nr,
for radiation isotropic in the frame with 4-velocity uµr ) via
(nruµr );µ = n˙, (8)
where the fluid-frame number density of photons is n = nr(−uµr uµ)
and n˙r = n˙ by Lorentz invariance, with
n˙ = −(κnac)n − λn, (9)
for a number absorption mean opacity κna and total number emis-
sion rate λn before absorption. This photon number conservation
equation approximates the Kompaneets equation most accurately
when thermal Comptonization is included and when gas and radia-
tion temperatures are similar (Sadowski & Narayan 2015a).
2.3 Opacities and Rates
We obtain fits to several different energy-weighted and number-
weighted opacities (computed as in §B), including OPAL opacities
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for solar abundances (energy mean κa,eff and number mean κan,eff)
in §C, synchrotron (energy mean κa,syn and number mean κan,syn) in
§D, and Compton scattering (scattering energy mean κs, thermal
Comptonization energy exchange rate λc, and double Compton en-
ergy mean opacity κa,dc and number mean opacity κan,dc) in §E.
Then, the energy mean energy absorption opacity is
κa = κa,eff + κa,syn + κa,dc, (10)
and the number mean number absorption opacity is
κan = κan,eff + κan,syn + κan,dc. (11)
From these opacities, the energy and number emission rates
before any absorption are obtained in §B5, giving energy emission
rate λe and number emission rate λn such that
λ = λe + λc, (12)
and λn includes all number emission.
We do not include thermal pairs relevant when kbTe & mec2 as
only the jet can be that hot and there one requires pair production
(see, e.g., appendix B in McKinney & Uzdensky 2012).
3 SIMULATIONS
Our GRRMHD simulations evolve accretion flows around black
holes with black hole mass of M = 10M. All models have iden-
tical initial conditions, except some have different initial density
values due to an overall rescaling of the density in order to vary
the final mass accretion rate M˙. For different models, we vary the
choices of opacity and how the temperature of radiation is evolved,
and we investigate how the opacity and radiation temperature evo-
lution affect the accretion flow behavior and properties.
3.1 Diagnostics
For various quantities R, we consider time-averages ([R]t), spatial
averages, and their spatial distributions. Diagnostics are computed
from snapshots produced every ∼ 4rg/c for rg ≡ GM/c2 with grav-
itational constant G.
3.1.1 Fluxes
The stress energy tensor T µν includes both matter (MA) and electro-
magnetic (EM) terms:
T MA
µ
ν = (ρ + ug + pg)u
µuν + pgδµν ,
T EM
µ
ν = b
2uµuν + pbδµν − bµbν, (13)
Here, ug is the internal energy density and pg = (Γ − 1)ug is the
ideal gas pressure with adiabatic index Γ. The contravariant fluid-
frame magnetic 4-field is given by bµ, which is related to the lab-
frame 3-field via bµ = Bνhµν/ut where h
µ
ν = uµuν + δ
µ
ν is a projection
tensor, and δµν is the Kronecker delta function. The magnetic energy
density (ub) and pressure (pb) are ub = pb = bµbµ/2 = b2/2. The
total pressure is ptot = pg + pb, and plasma β ≡ pg/pb.
The gas rest-mass flux, specific energy flux, and specific an-
gular momentum flux are respectively given by
M˙ =
∣∣∣∣∣∫ ρurdAθφ∣∣∣∣∣ , (14)
e ≡ E˙
[M˙]t
= −
∫
(T rt + R
r
t )dAθφ
[M˙]t
, (15)
 ≡ J˙
[M˙]t
=
∫
(T rφ + R
r
φ)dAθφ
[M˙]t
, (16)
where dAθφ =
√−gdx(2)dx(3) for metric determinant g = Det(gµν)
and uniform code coordinates with spacing dx(1), dx(2), and dx(3) in
the radial-like, θ-like, and φ-like directions.
The net flow efficiency is given by
η =
E˙ − M˙
[M˙]t
, (17)
Positive values correspond to an extraction of positive energy from
the system at some radius. The jet efficiency ηj includes all non-
radiative terms in E˙.
The magnetic flux is given in a normalized form as
ΥH ≈ 0.7
∫
0.5|Br |dAθφ√
[M˙]t
, (18)
which accounts for Br being in Heaviside-Lorentz units (Gammie
1999; Penna et al. 2010).
3.1.2 Inflow Equilibrium
Inflow equilibrium is defined as when the flow is in a complete
quasi-steady-state and the accretion fluxes are constant (apart from
noise) vs. radius and time. The inflow equilibrium timescale is
tie = N
∫ rie
ri
dr
( −1
[〈vr〉ρ]t
)
, (19)
where 〈vr〉ρ is the ρ weighted radial velocity, and N ∼ 3 inflow
times from r = rie and ri = 12rg.
Viscous theory gives a GR α-viscosity estimate for vr of
vvisc ∼ −Qα(H/R)2|vrot| for rotational velocity vrot, disk thickness
H/R, and GR correction Q (Page & Thorne 1974; Penna et al.
2010), so we can define an effective α viscosity as
αeff ≡ vr
vvisc/α
. (20)
All our models have αeff ∼ 1 in the quasi-steady state, as expected
for MADs (McKinney et al. 2012).
3.1.3 Optical Depth and Radiative Quantities
The scattering optical depth is computed as
τsca ≈
∫
κsdl, (21)
while the effective optical depth for absorption is computed as
τeff ≈
∫ √
3κa(κs + κa)dl. (22)
For the radial direction, dl = − fγdr, fγ ≈ ut(1−(v/c) cos θ), (v/c) ≈
1 − 1/(ut)2 (as valid at large radii), θ = 0, and the integral is from
r0 = 4000rg to r to obtain τr(r). For the angular direction, dl =
fγrdθ, θ = pi/2, and the integral is from each polar axis toward
the equator to obtain τθ(θ). Note that the photospheres in the polar
c© 2016 RAS, MNRAS 000, 1–25
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jet region are strongly determined by the numerical density floors
assumed.
To scale M˙c2 or a luminosity L, one can use the Eddington
luminosity
LEdd =
4piGMc
κes
≈ 1.3 × 1046 M
108 M
erg s−1, (23)
for Thomson electron scattering opacity κes. One can also choose
to normalize M˙ by M˙Edd = (1/ηNT)LEdd/c2, where ηNT is the nom-
inal accretion efficiency for the Novikov-Thorne thin disk solution
(Novikov & Thorne 1973) (commonly, a fixed ηNT = 0.1 is used,
but we include the spin dependence).
The radiative luminosity is computed as
Lrad = −
∫
dAθφRrt , (24)
which is measured just beyond the scattering photosphere to give
the quantity we call Lrad,o. The radiative efficiency is ηrad,o =
Lrad,o/[M˙]t. From any cumulative luminosity L(θ), we can compute
the isotropic equivalent luminosity
Liso(θ) = pi∂θL(θ) (25)
and the corresponding beaming factor
b =
Liso
L
. (26)
The fluid-frame radiation temperature is
Tˆγ ≈ EnE¯0 , (27)
with E¯0 ≈ 2.701kB, which is to within 10% of the full Bose-
Einstein formula given by Eq. (A5) that we actually use. The lab-
frame radiation temperature is
Tγ ≈ −R
t
t
nrutr E¯0
. (28)
The black-body assumption gives a fluid-frame temperature of
TˆBB =
(
E
arad
)1/4
, (29)
for radiation constant arad, while in the lab-frame the assumption of
Planck gives
TBB =
(−Rtt
arad
)1/4
. (30)
From these one can compute the lab-frame photon hardening factor
fcol =
Tγ
TBB
, (31)
and the fluid-frame hardening factor
fˆcol =
Tˆγ
TˆBB
. (32)
3.1.4 Numerical Diagnostics
The magneto-rotational instability (MRI) is a linear instability with
fastest growing wavelength of
λx,MRI ≈ 2pi |vx,A||Ωrot| , (33)
for x = θ, φ, where |vx,A| =
√
bxbx/ is the x-directed Alfve´n speed,
 ≡ b2 + ρ + ug + pg, and rΩrot = vrot. Ωrot, vA are separately angle-
volume-averaged at each r, t.
The MRI is resolved for grid cells per wavelength (Eq. (33)),
Qx,MRI ≡ λx,MRI
∆x
, (34)
of Qx,MRI > 6, for x = θ, φ, where ∆r ≈ dx(1)(dr/dx(1)), ∆θ ≈
rdx(2)(dθ/dx(2)), and ∆φ ≈ r sin θdx(3)(dφ/dx(3)). Volume-averaging
is done as with S d,MRI, except vx,A/∆x and |Ωrot| are separately θ, φ-
volume-averaged before forming Qx,MRI. At t = 0 all our models
have Qθ,MRI ∼ 40 and is constant all along the disk, while in a
steady-state all our models have Qθ,MRI ∼ 100 and Qφ,MRI ∼ 20
(except model M13 that is quite thin and has Qφ,MRI ∼ 6 and so
probably has somewhat underdeveloped MRI turbulence).
The MRI suppression factor corresponds to the number of
MRI wavelengths across the full disk:
S d,MRI ≡ 2r(H/R)
λθ,MRI
. (35)
Wavelengths λ < 0.5λθ,MRI are stable, so the linear MRI is sup-
pressed for S d,MRI < 1/2 when no unstable wavelengths fit within
the full disk (Balbus & Hawley 1998; Pessah & Psaltis 2005).
S d,MRI uses averaging weight w = (b2ρ)1/2, condition β > 1, and
excludes regions where density floors are activated. When comput-
ing the averaged S d,MRI, vA and |Ωrot| are separately θ, φ-volume-
averaged within ±0.2r for each t, r. The S d,MRI ∼ 0.5 at t = 0, while
in quasi-steady-state S d,MRI ∼ 0.1. So the field strength has in-
creased considerably due to magnetic flux accumulation. All mod-
els are MAD with S d,MRI < 1/2 out to r ∼ 30rg.
The flow structure can also be studied by computing the corre-
lation length scale and then computing how many grid cells cover
each self-correlated piece of turbulence. We follow our prior works
McKinney et al. (2012) and McKinney et al. (2014) and compute
this. One would desire to have at a minimum 6 grid cells per cor-
relation length scale, since otherwise uncorrelated parts of turbu-
lence are not independently resolved by our piece-wise parabolic
monotonicity-preserving (PPM) scheme that needs 6 grid cells to
resolve a structure well. All our models have ≈ 12 grid cells per
vertical and radial correlation length for density and magnetic field
strength, while our moderate resolution models have ≈ 6 cells in
the φ-direction per correlation length scale. Our survey models have
only ≈ 3 cells in the φ-direction per correlation length. This means
the survey models should be considered not resolved enough to
demonstrate fully resolved turbulence, but they are still sufficiently
interesting to identify what physical effects (being switch on/off)
could be important in fully resolved simulations. In addition, we
compare some survey models against moderate resolution versions
to confirm the survey models are reasonable.
3.2 Initial Conditions
The initial disk is Keplerian with a rest-mass density that is Gaus-
sian in angle with a height-to-radius ratio of H/R ≈ 0.2 and radi-
ally follows a power-law of ρ ∝ r−0.6. The solution near and in-
side the inner-most stable circular orbit (ISCO) is not an equilib-
rium, so near the ISCO the solution is tapered to a smaller density
(ρ → ρ(r/15)7, within r = 15rg) and a smaller thickness (H/R →
0.2(r/10)0.5, within r = 10rg – based upon a low-resolution simu-
lation). The total internal energy density utot is estimated from ver-
tical equilibrium of H/R ≈ cs/vK for sound speed cs ≈
√
ΓtotPtot/ρ
with Γtot ≈ 4/3 and Keplerian speed vK ≈ (r/rg)/((r/rg)3/2 + a/M).
The total ideal pressure Ptot = (Γtot−1)utot is randomly perturbed by
10% to seed the MRI. The disk gas has Γgas = 5/3. The disk has an
atmosphere with ρ = 10−5(r/rg)−1.1 and gas internal energy density
c© 2016 RAS, MNRAS 000, 1–25
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Table 1. Spin, Mass Accretion Rate, Opacity, and Temperature Choices
Model a/M M˙H
M˙Edd
Opacities Radiation Number Density Radiation Temperature Chemical Potential
M1 0.8 140 OPAL+Syn+DC Evolved E/(nE¯0) 1
M2 0.8 140 OPAL Evolved E/(nE¯0) 1
M3 0.8 80 OPAL Evolved Bose-Einstein Bose-Einstein
M5 0.8 120 OPAL Planck at Tˆγ Planck at Tˆγ 1
M6 0 5.9 OPAL (no TC) Planck at Tˆγ Planck at Tˆγ 1
M7 0 4.8 OPAL Evolved E/(nE¯0) 1
M8 0 5 OPAL+Syn+DC Evolved E/(nE¯0) 1
M9 0.8 50 OPAL+Syn+DC Evolved Bose-Einstein Bose-Einstein
M10 0.8 27 OPAL+DC Evolved Bose-Einstein Bose-Einstein
M11 0.8 36 OPAL+Syn+DC Evolved Bose-Einstein Bose-Einstein
M13 0.8 1.2 OPAL+Syn+DC Evolved Bose-Einstein Bose-Einstein
M14 0.8 3.5 OPAL+Syn+DC Evolved Bose-Einstein Bose-Einstein
M14h 0.8 2.4 OPAL+Syn+DC Evolved Bose-Einstein Bose-Einstein
M15 0.8 14 OPAL+Syn+DC Evolved Bose-Einstein Bose-Einstein
M15h 0.8 31 OPAL+Syn+DC Evolved Bose-Einstein Bose-Einstein
ug = 10−6(r/rg)−5/2. The disk’s radiation energy density and flux
are set by LTE and flux-limited diffusion (McKinney et al. 2014).
The initial magnetic field is large-scale and poloidal. For r <
300rg, the coordinate basis φ-component of the vector potential is
Aφ = MAX(rν1040 − 0.02, 0)(sin θ)1+h, (36)
with ν = 0.75 and h = 4. For r > r0 = 300rg, the field transitions
to monopolar using Aφ = MAX(rν010
40 − 0.02, 0)(sin θ)1+h(r0/r). The
field is normalized with ∼ 1 MRI wavelength per half-height H giv-
ing a ratio of average gas+radiation pressure to average magnetic
pressure of β ≈ 40 for r < 100rg.
3.3 Numerical Setup
The numerical grid mapping equations and boundary conditions
used here are identical to that given in McKinney et al. (2012) and
McKinney et al. (2014). The grid focuses on the disk at small radii
and on the jet at large radii.
Models M14h and M15h are moderate resolution models at
Nr × Nθ × Nφ = 128 × 64 × 64, while the rest are survey models at
128×64×32 in order to resolve the lowest order m modes to allow
for accretion in MADs. For MADs such lower resolution models
have shown reasonable convergence (McKinney et al. 2012, 2014).
The grid aspect ratio is roughly 1:1:1 for radii 5rg 6 r 6 30rg for
our moderate resolution models.
The rest-mass and internal energy densities are driven to zero
near the BH within the jet and near the axis, so we use numerical
ceilings of b2/ρ = 300, b2/ug = 1011, and ug/ρ = 1010. The value
of b2/ρ is at the code’s robustness limit for the chosen resolution,
while the value of b2/ug is chosen to ensure an artificial temperature
floor is not introduced.
At early times in all simulations, we ramp-up the chemical
potential factor from Planck toward its desired target. This avoids
difficult-to-resolve opacity changes due to synchrotron within the
first 100rg/c in time. Also, the sharp changes in synchrotron opac-
ity for high φ (Eq. D5) near Planck (i.e. exp (−ξ) = 1 with dimen-
sionless chemical potential ξ = 0) are difficult to handle. For syn-
chrotron only, we enforce exp (−ξ) <= 0.99 in order to smooth-out
these opacity changes (Seaton 1993).
3.4 Models
Our goal is to consider the physical effect of various choices for
the radiative transfer opacities. We simulate several low-resolution
“survey” runs over a time period of about 10000rg/c, allowing the
simulations to reach a single inflow time out to r ∼ 50rg and inflow
equilibrium out to r ∼ 20rg. We check these survey runs with a
couple moderate resolution runs, and we consider even lower res-
olution runs to see if resolution plays a dominate or sub-dominant
role compared to the opacity effects.
Table 1 shows the physical choices made for each model, in-
cluding the black hole spin, choices for opacities, whether the radi-
ation photon number density is evolved, how the radiation temper-
ature is computed, and whether the chemical potential is varied.
The ”OPAL” opacity refers to the opacity κeff given by
Eq. (C16). This is physically equivalent to the OPAL-based opac-
ity used in Jiang et al. (2016), except ours is more approximate,
but we also account for radiation temperatures being different from
gas temperatures. ”DC” refers to double Compton, which no simu-
lations have yet accounted for. ”Syn” refers to synchrotron, which
has been accounted for in sub-Eddington accretion cases (Fragile
& Meier 2009; Ryan et al. 2015; Sadowski et al. 2016). All mod-
els with photon number evolution include a separately-computed
number mean opacity not yet accounted for in simulations (ex-
cept only synchrotron number opacity in Sadowski et al. 2016).
The simplified fluid-frame radiation temperature given by Eˆ/(nˆE¯0)
with E¯0 ≈ 2.701kB is the dominant factor in Eq. (A5) (Sadowski &
Narayan 2015a). We consider both Planck and Bose-Einstein pho-
ton distributions.
All models include thermal Comptonization (TC) except
model M6 in order to study how turning that off affects gas tem-
peratures. Model M6 would be like many existing radiative trans-
fer simulations (Fragile et al. 2012; Jiang et al. 2014a; Fragile
et al. 2014; Takahashi et al. 2016) except those by Fragile & Meier
(2009); Kawashima et al. (2009); Jiang et al. (2014b) and ourselves
(Sa¸dowski et al. 2014; McKinney et al. 2014).
Models M9, M11, M12, M13, M14, M14h, M15, M15h are
used to explore how varying M˙ affects the results while using our
full opacity physics, with M9 and M11 not behaving much differ-
ently due to having similar M˙.
Models M4 and M12 are very low resolution (128 × 64 × 16)
test models that otherwise match models M3 and M11, respectively.
c© 2016 RAS, MNRAS 000, 1–25
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Figure 1. Model M15, showing the initial condition (top panel) and final
state (bottom panel). The initial disk is shown as rest-mass density (scaled
by an Eddington density value inferred from M˙Edd, rg, and c, color with
legend) threaded by magnetic field lines (green lines). The final disk has
become much higher density near the black hole and the rotating black hole
and disk have launched a magnetically-dominated jet due to the accumula-
tion of magnetic flux into the MAD state. The BH-spin-driven jet emerges
and has a boundary that can be seen where b2/ρ = 1 (red line). At large radii
at late time, the jet has become kinetically-dominated with Lorentz factor
γ ∼ 2 by r = 500rg, so that b2/ρ < 1 there.
These models and others at different resolutions exhibit all of the
same radiative properties we will discuss, which shows that resolu-
tion is unlikely a dominant factor in the controlling our results. We
do not discuss models M4 and M12 further.
Throughout our discussion of model results, we focus on spe-
cific models, often showing more details for model M15 because it
has an intermediate mass accretion rate and demonstrates proper-
ties of all our models.
3.5 Initial and Final State
Fig. 1 shows the initial and final state of the accretion flow for
model M15, which is typical of all models with rotating black
holes. The initial magnetic field structure is large-scale and poloidal
and threads the disk that is initially a Gaussian disk with H/R ≈ 0.2
Table 2. Accretion Rates, Luminosities, Efficiencies [%], and Magnetic
Fluxes
Model M˙H
M˙Edd
Lrad,o
LEdd
ηH ηj,in η
RAD
o ηNT ΥH
M1 140 67 54.7 30.3 5.68 12.2 9.8
M2 140 110 58.3 40.7 9.76 12.2 9
M3 80 81 114 84.6 12.3 12.2 13
M5 120 81 59.2 36.3 8.39 12.2 9.5
M6 5.9 6 9.83 4.24 5.86 5.72 3.9
M7 4.8 2.4 7.98 0.926 2.84 5.72 3.9
M8 5 1.9 8.39 0.979 2.21 5.72 5
M9 50 240 124 71.6 59.4 12.2 14
M10 27 160 267 184 71.8 12.2 20
M11 36 290 185 110 95.5 12.2 18
M13 1.2 1.1 18.5 8.2 10.7 12.2 3.6
M14 3.5 2.8 23.7 11.4 9.79 12.2 5.1
M14h 2.4 2.5 21.8 11.3 12.7 12.2 4.7
M15 14 18 32.3 14.2 15.6 12.2 6.7
M15h 31 11 30.9 17.7 4.57 12.2 7.1
and a power-law radial behavior. The rotating black hole and disk
have launched a jet that starts out magnetically-dominated but con-
verts its energy into kinetic energy at large radii.
Table 2 shows results for dynamical quantities (like fluxes and
efficiencies) for all our models as time-averaged from 4000rg/c till
the end of the simulation. This table can be used to compare re-
sults for models with different opacity physics and different M˙.
The models vary in mass accretion rate through the horizon with
M˙/M˙Edd = 1–140, and the radiative luminosity is given by Lrad,o.
Other quantities are measured on the horizon (e.g. ηH), at an inner
radius of 10rg for inner (’i’) quantities, or at large radii for outer
(’o’) quantities.
The efficiency ηH is the total efficiency of the system as mea-
sured at the horizon, which is constant to within 30% out to the
scattering photosphere where outer quantities are measured. The
total and radiative efficiency at large radii (ηRAD,o) are compara-
ble to the NT standard thin disk efficiencies (ηNT). The total non-
radiative jet efficiency ηj,in is the efficiency at r = 10rg in the jet
with b2/ρ > 1. This tracks each model’s total efficiency, but the jet
energy is progressively lost to the surrounding material that heats-
up and radiates (McKinney et al. 2015), leading to relatively low
gas jet efficiencies by r = 1000rg. The total radiative efficiency is
therefore dependent upon the mass-loading physics, which is con-
trolled partially by numerical floor injection in our simulations. For
non-rotating BH models, the jet efficiency is low at 1%, except for
the model without thermal Comptonization with jet efficiency at
4% due to the thermal energy content of the jet (this also leads to a
slightly higher radiative efficiency).
The normalized magnetic flux on the horizon ΥH ∼ 10 for
relatively thick disks at higher super-Eddington rates, while lower
M˙ lead to down to ΥH ∼ 4 as seen in thin MAD simulations (Avara
et al. 2015). A few models (M9, M10, and M11) show up to ΥH ∼
20 and have quite high efficiencies as apparently due to radiative
suppression of the magnetic Rayleigh-Taylor modes due to opacity
effects at their intermediate M˙/M˙Edd ∼ 30–50, but one suspects
that higher resolutions would show no such effect (which M15h
approaches and does show more moderate ΥH and efficiencies).
Fig. 2 shows a snapshot from the simulation and shows various
fluxes and efficiencies vs. time, whose constancy indicates that the
flow has reached a quasi-steady state in which the total efficiency
is ηH ∼ 30%, almost three times the NT thin disk efficiency and the
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radiative efficiency is ηrad,o ∼ 5%. The disk is in a MAD state out to
about r ∼ 50rg with evident magnetic Rayleigh-Taylor instabilities
in the y − x plane. The dimensionless magnetic flux Υ ≈ 7, com-
parable with non-radiative disks with H/R ≈ 0.3 (McKinney et al.
2012). The effective photosphere reaches close to the disk, except
where the jet has relatively high densities.
Table 3 shows results for our radiative diagnostics, which can
be used to deduce how the radiative properties are affected by dif-
ferent opacity choices and different M˙. This table includes the fluid-
frame radiation temperature per unit gas temperature at r = 10rg in
the disk, fluid-frame radiation temperature in the disk, lab-frame
radiation temperature in the radiation beam at r = 100rg, fluid-
frame hardening factor fˆcol in the disk, lab-frame hardening factor
fcol in the radiation beam at r = 100rg, chemical potential factors in
the disk and radiation beam, radiation beam half-opening angle (θr)
at r = 1000rg, and jet (kinetic+enthalpy+electromagnetic) half-
opening angle (θj) at r = 1000rg. Disk quantities are computed as
weighted by volume of the grid cell times square of density, while
radiation or electromagnetic beam quantities are measured at the
peak in the luminosity per unit angle (∂θL(θ)).
The low M˙ ∼ M˙Edd models have higher gas temperatures in
the disk, but gas temperatures are at most about 10 times the radi-
ation temperatures with thermal Comptonization. Only model M6
without thermal Comptonization shows very low Tˆγ/Tgas. The ra-
diation beam and disk have hardening with a Wien spectrum in
models without double Compton or in models with M˙ ∼ M˙Edd.
The photon distributions tend to be somewhat Wien in the
coronae for models with chemical potential evolution. Models
without double Compton and synchrotron (like M2, M3, and M7)
show significant photon hardening, which becomes much more
limited when including these opacities. Radiation beam lab-frame
temperatures are comparable to the disk core, except for models
without double Compton and synchrotron. Models without double
Compton and synchrotron (e.g. M7) have much higher radiation
temperatures than otherwise identical models (e.g. M8) with dou-
ble Compton and synchrotron. This shows that double Compton
and synchrotron are crucial to include in order to obtain accurate
observer-frame radiation temperatures for flows with M˙ & M˙Edd.
The half-opening angles in radians identify the maximum in
Liso within the radiation beam or gas jet. We also computed (not
in table) the beaming factor (b = Liso/L, i.e. isotropic equivalent
luminosity per unit total luminosity) measured at r = 1000rg. The
electromagnetic jet is beamed by factors up to b = 10 for rotating
black hole models and up to b = 5 for non-rotating black hole
models. The radiation beaming factor is up to b = 8 for rotating
black hole models and b = 3 for non-rotating black hole models
(similar to seen in Sadowski & Narayan 2015b). This corresponds
to an enhanced radiative flux at specific viewing angles, with higher
beaming for higher M˙ and higher a/M. The M1 closure slightly
overestimates the beaming factors (Narayan et al. 2016).
3.6 Magnetic and Radiative Fluxes
Fig. 3 shows the magnetic flux lines (with electromagnetic effi-
ciency) and lab-frame radiation flux stream lines (with radiative ef-
ficiency). The radiation is broadly distributed, but has an enhanced
beamed region that sits in angle at about twice larger angle com-
pared to the electromagnetic jet. Models with zero black hole spin
(not plotted) show the peak EM luminosity per unit angle emerging
from cylindrical radius near the ISCO (Tchekhovskoy et al. 2012),
instead of the rotating black hole models where the peak power per
unit angle emerges from near the equatorial region of the black hole
Figure 3. Model M15, with top panel showing time-φ-averaged magnetic
flux lines (translucent gray lines) with electromagnetic luminosity per unit
angle (∂θLEM)/(M˙Hc2) (color with legend), with blue line showing where
b2/ρ = 1, green line showing where ur = 0, and purple line showing to-
tal effective photosphere. Image is duplicated across the x = 0 line. The
bottom panel shows same things for lab-frame radiation flux lines and radi-
ation luminosity. The electromagnetic energy flux acts as a funnel-wall jet
by following (and sitting just outside) the boundary where b2/ρ = 1. Most
of the electromagnetic energy is released from the black hole’s spin energy.
The MAD equatorial region is quite hot and dynamic, leading to radiation
emerging from quite close to the BH (and in a time-averaged sense, some
appears to emerge from above the BH due to transient but powerful polar
magnetic fields that jump between the BH and disk). Radiation moves in-
ward within the disk that accumulates more radiative energy, which some-
what follows the path of the wind and ultimately becomes more radially-
directed at larger distances.
horizon (McKinney & Gammie 2004; McKinney 2006; McKinney
& Blandford 2009).
3.7 Effective Energy Photospheres
Fig. 4 shows the effective photospheres for model M15. At large
radii, the total effective photosphere sits above the disk and disk
wind. Sitting inside the total effective photosphere is the free-
free photosphere, the double Compton photosphere, and the syn-
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Figure 2. Evolved snapshot of model M15h at t ≈ 5000rg/c showing log of rest-mass density (scaled by an Eddington density value inferred from M˙Edd, rg,
and c, shown in color with legend on right) in both the z − x plane at y = 0 (top-left panel) and y − x plane at z = 0 (top-right panel). Black lines trace field
lines. In the top-left panel, the thick red line corresponds to where b2/ρ = 1 and the purple line corresponds to the effective photosphere (computed radially
inward). The bottom panel has 3 subpanels. The top subpanel shows M˙ through the BH (M˙H) and radiative luminosity (Lrad,o). The middle subpanel shows
the magnetic flux passing through the horizon (ΥH). The bottom subpanel shows the total efficiency (ηH), inner jet efficiency (ηj,in), and radiative efficiency
(ηrad,o). Horizontal solid lines of the same colors show the averages over the averaging period. For super-Eddington accretion at M˙/M˙Edd ≈ 31, the total BH
efficiency is moderate at ηH ≈ 31% with radiative efficiency of ηrad,o ≈ 5%.
Table 3. Non-LTE and non-Planck Radiative Properties and Radiation/Jet Opening Angles in Radians
Model
(
Tˆγ
Tgas
)
r=10rg
Tˆγ,r=10rg [K] Tγ,r=100rg ,rad.beam[K] fˆ
r=10rg ,disk
col f
r=100rg ,rad.beam
col e
−ξ
r=10rg ,disk
e−ξr=100rg ,rad.beam θ
r=1000rg
r θ
r=1000rg
j
M1 0.96 4.2e7 1.7e7 1 1.4 1 1 0.12 0.067
M2 0.93 1.3e8 7.7e8 3.9 55 1 1 0.089 0.0038
M3 1 1.1e8 6e8 3.2 42 0.88 0.36 0.084 0.021
M5 0.97 3.8e7 9.1e6 1 0.77 1 1 0.092 0.025
M6 9.8e-5 1.5e7 3.3e6 1 0.58 1 1 0.6 0.12
M7 0.87 1.4e8 2.5e7 8.9 5.4 1 1 0.6 0.19
M8 0.63 1.9e7 6.7e6 1.1 1.6 1 1 0.6 0.15
M9 0.98 4.1e7 1.5e7 1 1.1 0.97 0.96 0.13 0.16
M10 0.99 4.9e7 2.1e7 1.3 1.6 0.87 0.69 0.13 0.041
M11 0.99 4.3e7 1.5e7 1 1 0.99 0.97 0.098 0.21
M13 0.12 3e7 9.2e6 4.5 2.6 0.43 0.45 0.28 0.0091
M14 0.23 1.5e7 2.1e6 1.3 0.48 0.79 0.94 0.26 0.011
M14h 0.2 1.3e7 2e6 1.2 0.45 0.76 0.99 0.47 0.055
M15 0.85 2.4e7 7.3e6 1.1 1.2 0.86 0.76 0.16 0.028
M15h 0.97 2.5e7 7.2e6 1 1.1 0.99 0.92 0.37 0.097
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chrotron photosphere. The free-free, double Compton, and syn-
chrotron opacities all merge within some radius, showing they be-
come comparably important. While free-free and DC are clearly
important in metal-free plasmas, bound-free and bound-bound con-
tributions are important with solar abundances, which leads to an
effective photosphere far beyond the free-free photosphere. For
higher M˙ models, these different opacities become more compa-
rable at larger radii than in this lower M˙ model. The scattering pho-
tosphere is at r ∼ 800rg in this model.
3.8 Gas Over-Heated Regions
Fig. 5 shows the lab-frame radiation temperature and fluid-frame
gas temperature for model M15. The radiation temperature reaches
up to Tγ ∼ 108K, while the gas temperature reaches up to Tgas ∼
109K in the jet region. Given our discussion in the introduction,
this suggests that double Compton should be important through-
out the flow, while synchrotron is likely important in the jet region.
Notice that as M˙ drops that the disk becomes thinner, although such
MAD type disks are also magnetically-compressed by the large-
scale poloidal and toroidal fields threading the black hole and disk
(McKinney et al. 2012)..
Fig. 6 shows the fluid-frame radiation temperature per unit gas
temperature. Thermal Comptonization acts to regulate gas tempera-
tures toward the radiation temperature in radiation-dominated plas-
mas. We show several model’s poloidal plane temperature ratio in
order to present how this effect works at high M˙ ∼ 100M˙Edd to low
M˙ ∼ 1M˙Edd. Notice that model M14 has a long-lived hemispherical
asymmetry, leading to scattering photosphere far away on the upper
hemisphere. The figure shows fluid-frame Tˆγ/Tgas (numerator and
denominator separately time-φ-averaged). While lower M˙ models
have a slightly over-heated gas region within some radius, the core
disk region has at most 10% higher gas temperatures than radiation
temperatures for M˙ ∼ 10M˙Edd models.
Model M13 with M˙ ≈ 1M˙Edd shows an optically thin corona
with gas temperatures about 100 times larger than the disk’s black
body temperature and about 20 times larger than the disk’s radiation
temperature that is hardened by fˆcol ≈ 4.5 (see related data from
Fig. 9). The gas pressure is up to a tenth of the radiation pressure
and the disk thickness H/R ∼ 0.1 in this model.
Table 3 includes a sequence of a/M = 0 models M6, M7, and
M8 which have no thermal Comptonization and no photon hard-
ening (M6), have thermal Comptonization and photon hardening
but without double Compton or synchrotron (M7), and have both
along with all our opacities (M8). This shows that the lack of ther-
mal Comptonization leads to unphysically high gas temperatures
similar to seen in Takahashi et al. (2016), who did not include ther-
mal Comptonization. Hence, thermal Comptonization is required
for Eddington to super-Eddington accretion models.
3.9 Photon Hardening
Fig. 7 shows the lab-frame photon hardening factor ( fcol = Tγ/TBB)
for the a/M = 0 models M6, M7, and M8 that we discussed
above. For an observer in the lab-frame, this would correspond to
the color correction factor assuming the observers fit spectra with
Planck or BE distributions. We find that double Compton and syn-
chrotron play a crucial role in limiting photon hardening. These
opacities generate much more radiation at high temperatures, un-
like free-free, and result in the primary radiation beam changing
from fcol = 5 down to fcol = 1.5. Our model M7 is similar to the
Figure 4. Model M15, showing effective photospheres for different pro-
cesses, including OPAL+DC+synchrotron (purple line), synchrotron (red
line), DC (brown line), free-free (black line), scattering only (yellow line)
on different size regions (top, middle, bottom panels). The photospheres
are computed radially inward from r = 4000rg. Rest-mass density shown
in color (with legend), scaled by an Eddington density value inferred from
M˙Edd, rg, and c. Green, blue, yellow, and purple lines are, if present, as in
Fig. 3. For r . 5rg, DC and free-free become comparably important pro-
cesses in the disk. The effective photosphere somewhat follows the transi-
tion between disk inflow and wind outflow. The polar axis regions contains
a high-density portion of the jet (launched by mass injection near the black
hole) which leads to higher opacities there.
c© 2016 RAS, MNRAS 000, 1–25
10 J. C. McKinney, J. Chluba, M. Wielgus, R. Narayan, A. Sadowski
Figure 5. Model M15, showing lab-frame radiation temperature in Kelvin
(top panel) and fluid-frame gas temperature in Kelvin (bottom panel).
Green, blue, yellow, and purple lines are, if present, as in Fig. 3. Radia-
tion temperatures are high in the equatorial and polar regions, while gas
temperatures are high in the jet region due to insufficient Comptonization.
model in Sadowski & Narayan (2015a), who find up to fcol = 7
for comparable, but slightly higher, accretion rates. This shows that
photon hardening in Eddington to super-Eddington flows must ac-
count for these additional opacities.
Table 3 shows fˆcol in the disk and fcol in the jet for other mod-
els. These other models have a similar distribution for fcol vs. radius
and angle as model M8 for models with double Compton and syn-
chrotron or as model M7 for models without these processes. As
M˙ → 1M˙Edd, the photon hardening becomes stronger, a trend seen
in AGN (Steffen et al. 2006; Just et al. 2007).
Table 3 includes two models, M10 and M11, where M10 has
no synchrotron while M11 has all our opacities. These models have
comparable M˙ and fluxes as shown in Table 2. The goal here is to
see if double Compton by itself regulates photon hardening and to
what extent synchrotron goes beyond double Compton. In model
M10, the radiation beam is only moderately hardened due to the
sensitivity of double Compton to radiation temperature, and syn-
chrotron in M11 provides soft photons that lead to essentially no
hardening of the radiation beam. This means double Compton by
Figure 6. Model M1 at high M˙ ∼ 100M˙Edd (top panel), model M15 at lower
M˙ ∼ 10M˙Edd (middle panel), model M14 at low M˙ ∼ 3M˙Edd (next panel),
and model M13 at low M˙ ∼ 1M˙Edd (bottom panel), showing fluid-frame
Tˆγ/Tgas. Black line has Tˆγ/Tgas = 1. Green, blue, yellow, and purple lines
are, if present, as in Fig. 3. Models M13 and M14 have a photosphere near
the disk, except the jet that is launched which keeps the density high to large
radii. At high or low M˙, the value of Tˆγ/Tgas is order unity due to thermal
Comptonization. The disk is evidently thinner and cooler at lower mass
accretion rates of M˙ ∼ 10M˙Edd even though the inflow is still quite super-
Eddington. Only for the lowest M˙ ∼ M˙Edd model M13 does Tˆγ/Tgas ∼ 0.1
in the central disk, but progressively more coronal material has higher gas
temperatures as M˙ drops.
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Figure 7. Models M7 and M8 with a/M = 0, which have no BH-spin-
driven jet, showing lab-frame fcol = Tγ/TBB (numerator and denominator
separately time-φ-averaged). Green, blue, yellow, and purple lines are, if
present, as in Fig. 3. Without double Compton or synchrotron, the radiation
beam has fcol ∼ 5 (with overly high values in the funnel), while with these
processes fcol ∼ 1.5 – a significant reduction due to the high opacity of dou-
ble Compton at high radiation temperatures and the plentiful soft photons
produced by synchrotron in regions where Tgas & 108K.
itself regulates photon hardening away from large values seen in
other simulations with no double Compton (e.g. M7).
Table 3 includes two models, M3 and M5, where M3 has a
Bose-Einstein chemical potential, while M5 has a Planck chemical
potential. The goal here is to see if chemical potential evolution has
an effect in the case where neither double Compton or synchrotron
are included. These models are dynamically quite similar as shown
in Table 2. Table 3 shows significantly more photon hardening in
the disk and radiation beam when using the Bose-Einstein chemi-
cal potential. This shows that the underlying assumption about the
photon distribution has a strong effect on the photon hardening.
Fig. 8 shows how Wien the spectrum is, with the primary radi-
ation beam in model M15 being down from Planck (exp (−ξ) = 1)
to exp (−ξ) ≈ 0.85. This distribution with radius and angle is typi-
cal for models with double Compton and synchrotron.
Figure 8.Model M15, showing fluid-Frame time-φ-averaged dimensionless
chemical potential factor (exp (−ξ) given by Eq. A6, as color with legend)
for the Bose-Einstein distribution. Green, blue, yellow, and purple lines are,
if present, as in Fig. 3. The radiation beam is slightly Wien with exp (−ξ) ≈
0.85, and the spatial distribution is similar for other models.
3.10 Radial and Angular Dependencies for All Models
Here we consider how radiative quantities are affected by pho-
ton conservation, opacity choices, etc. Quantities like rest-mass
density, internal energy density, radiation-energy density, veloc-
ity, magnetic field, etc. behave like power-laws vs. radius within
r ∼ 20rg within the inflow equilibrium region. Such radial power-
laws are typical of MADs (McKinney et al. 2012), so we do not
discuss the radial behavior here.
Fig. 9 shows rest-mass density, gas temperature, and radiation
to gas temperature ratio vs. θ. The gas temperatures are artificially
high in models without thermal Comptonization or in models with
photon number evolution that do not include double Compton and
synchrotron. For example, models M2 and M10 do not include dou-
ble Compton and synchrotron, while comparable models M1 and
M9 do. Models with double Compton and synchrotron have much
lower gas and radiation temperatures in the corona and jet. So, the
thermodynamical and radiative properties of the disk, corona, and
jet are only accurate with double Compton and synchrotron.
Fig. 10 shows the fluid-frame Tˆγ/Tgas (numerator and denomi-
nator separately time-φ-averaged) as weighted by rest-mass density
times each grid cell volume size. This focuses the measurement of
temperature on the core of the disk at the highest densities. Mod-
els at high M˙ have Tˆγ ∼ Tgas, and progressively lower M˙ down to
M˙ ∼ M˙Edd have gas temperatures as high as ten times the radiation
temperatures. Resolution should modify the results the most for the
lowest M˙ models, but the model like M14 and M14h (at twice the
φ resolution of M14) only show up to 30% relative differences. So,
the corona region’s temperatures are roughly converged.
Fig. 10 also shows the fluid-frame Tˆγ (weighted like Tˆγ/Tgas
above). Lower M˙ ∼ M˙Edd are radiatively cooler than higher M˙
– even for super-Eddington rates. Compared to the temperatures
in Sadowski & Narayan (2015a) that were for weakly-magnetized
models at M˙ ∼ 10M˙Edd, our results are comparable. However, our
model M7 without double Compton and synchrotron demonstrates
that our more magnetized disks would be much hotter if it were
not for double Compton and synchrotron like included in model
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Figure 9. All models, showing fluid-frame density (ρ in g cm−3, top panel),
fluid-frame gas temperature (Tgas, second panel), and ratio of fluid-frame
radiation to gas temperatures (Tˆγ/Tgas, last panel) measured at r = 10rg.
Legend shows model types, where models are grouped by color for similar
M˙, a/M, or resolution changes for otherwise same initial density. M1-M5
are high M˙ ∼ 100M˙Edd models, M6-M8 are a/M = 0 models, M9-M11 are
intermediate M˙ ∼ 50M˙Edd models, M13 is our lowest M˙ ≈ M˙Edd model,
M14-M14h are our slightly higher M˙ ≈ 3M˙Edd models at different resolu-
tions, and M15-M15h are intended to be M˙ ≈ 10M˙Edd models (but M15h
ended up with much higher M˙ ≈ 30M˙Edd). Lines are drawn in order from
M1-M15h, so latter lines may overlap earlier lines. High M˙ models have a
broader density profile compared to the more sharply-peaked low M˙ mod-
els. Models with high M˙ ∼ 100M˙Edd without double Compton and syn-
chrotron (M2,M3) or models without thermal Comptonization (M6) have
unphysically hot coronae and jets by three orders of magnitude in temper-
ature, showing that these processes are crucial to include in order to obtain
accurate thermodynamical and radiative properties in flows with M˙ & M˙Edd.
Figure 10. All models, showing fluid-frame Tˆγ/Tgas (top panel) and fluid-
frame Tˆγ (bottom panel) in the disk. Even for M˙ ∼ M˙Edd, gas temperatures
reach no more than ten times radiation temperatures at r ∼ 10rg due to
efficient thermal Comptonization. Higher M˙ tend to have higher radiation
temperatures. Model M7 with photon number density evolution but without
double Compton has much higher radiation temperatures than model M8
that has double Compton and is otherwise identical. Model M6 is like M7
but also has no thermal Comptonization, and as a consequence it has ex-
tremely high gas temperatures. These results demonstrate the importance of
thermal Comptonization and double Compton as thermostats that, respec-
tively, lower gas and radiation temperatures in the disk.
M8. So double Compton and synchrotron are required to regulate
both gas and radiation temperatures in magnetized flows in gen-
eral. Model M6 without thermal Comptonization shows extremely
high gas temperatures, similar to seen in Takahashi et al. (2016),
but thermal Comptonization severely limits the difference between
gas and radiation temperatures by driving them toward equilibrium.
Fig. 11 shows the fluid-frame fˆcol = Tˆγ/TBB, weighted like
Tˆγ/Tgas above. The photon distribution within the disk is essentially
Planckian at large radii but for low M˙ ∼ M˙Edd the distribution be-
comes harder at intermediate radii of r ∼ 5rg. Model M7 (without
double Compton and synchrotron, as compared to otherwise iden-
tical model M8 with double Compton and synchrotron) has exces-
sive unphysical hardening even in the disk due photon conserving
Comptonization driving the photon distribution toward Wien.
Fig. 11 also shows the fluid-frame chemical potential factor
exp (−ξ) given by Eq. (A6), weighted like Tˆγ/Tgas above. The pho-
ton distribution within the disk is essentially Planckian at large
radii, but for low M˙ ∼ M˙Edd (e.g. model M13) the distribution be-
comes more Wien as densities become small enough that there is
inefficient photon production.
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Figure 11. All models, showing fluid-frame fˆcol (top panel) and chemical
potential factor exp (−ξ) (bottom panel) in the disk. Lower M˙ (e.g. M13)
tend to have regions in the disk around r ∼ 5rg where the disk photon distri-
bution is hardened, while at high M˙ the disk photons are essentially Planck-
ian as long as double Compton and synchrotron are included. Model M2,
M3, and M7 have no double Compton or synchrotron, leading to unphysi-
cally large photon hardening in the disk. This shows that double Compton
and synchrotron are required in order to accurately track photon hardening.
Fig. 12 shows the ratio of double Compton to free-free opaci-
ties (units cm−1, which includes a density scale) with no additional
weighting, as averaged over a density scale height for each simu-
lation at each radius. Higher M˙ lead to progressively more impor-
tance of double Compton relative to free-free within the equatorial
disk region. For M˙ ∼ 10M˙Edd, double Compton dominates free-free
within r ∼ 8rg, within which significant radiation is generated.
Table 3 includes models M1 and M2 that primarily differ in
that M1 includes double Compton and synchrotron while M2 does
not. Double Compton and synchrotron provide plentiful soft pho-
tons that lead to much lower photon hardening than seen in M2, so
this shows that double Compton and synchrotron are crucial to in-
clude in highly-magnetized MAD-type super-Eddington flows with
M˙ ∼ 100M˙Edd.
Fig. 13 shows the synchrotron opacity divided by the free-free
opacity in the disk as well as b2/ρ (each b2 and ρ weighted with
density like done for Tˆγ/Tgas above) in the disk. At small radii,
where magnetic energy density approaches rest-mass energy den-
sity, synchrotron dominates free-free in the disk for rapidly rotating
black hole models. This is due to the jet and its interaction with the
disk in a MAD state, where at r = 10rg, the orthonormal Bφ is ten
times higher at a/M = 0.8 than at a/M = 0 outside the disk.
Figure 12. All models, showing fluid-frame double Compton opacity di-
vided by free-free opacity in the disk (top panel) and across the disk at
r = 10rg (bottom panel). Some models, like M2,M3,M5,M7, and M10, have
no double Compton and show excessive double Compton opacity because
it was not present to regulate the radiation temperature to lower values.
For M˙ ∼ M˙Edd double Compton dominates free-free inside the disk within
r < 3rg, for M˙ ∼ 10M˙Edd double Compton dominates free-free inside the
disk within r < 8rg, and for M˙ ∼ 100M˙Edd double Compton dominates
free-free inside the disk within r < 15rg (and potentially further if simula-
tion duration was extended, as inflow equilibrium is only out to r ∼ 20rg).
Comparing non-rotating black hole models M7 (no double Compton) and
M8 (with double Compton), double Compton acts as a thermostat that keeps
the plasma in a state where free-free and double Compton are comparable
in the corona. Since significant radiation emerges from within r = 10rg and
the temperature of the corona affects the radiation that reaches large radii,
double Compton is an important process to include for highly-magnetized
super-Eddington accretion flows.
Fig. 14 shows the synchrotron energy opacity to free-free en-
ergy opacity across the disk as well as b2/ρ (with ρ evaluated at the
equator) across the disk at r = 10rg. Synchrotron is not important
as an energy opacity in the disk at such radii, but in the jet is the
dominant process due to the large magnetic energy density.
By contrast, the synchrotron number opacities in the disk,
corona, and jet dominate the free-free (and even OPAL) opacities
out to r ∼ 20rg for M˙ & 100M˙Edd, out to r ∼ 5rg for M˙ & 3M˙Edd,
and only in the jet for nearly sub-Eddington accretion rates. This
is due to the relatively large φ & 103 (Eq. D5) while also having
relatively stronger magnetic fields at higher accretion rates.
Model M6 without thermal Comptonization shows an artificial
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Figure 13. All models, showing fluid-frame synchrotron opacity divided by
free-free opacity in the disk (top panel) and b2/ρ in the disk (bottom panel).
Synchrotron dominates free-free in the disk at small radii once temperatures
rise to T ∼ 108K and b2/ρ ∼ 1. Low M˙ ∼ M˙Edd models only have com-
parable synchrotron and free-free quite close to the horizon, but higher M˙
have progressively important synchrotron that dominates free-free to larger
radii – out to r ∼ 5rg for M˙ ∼ 100M˙Edd. Model M6 has no thermal Comp-
tonization or synchrotron, so gas temperatures and synchrotron emission
opacities are unphysically high. For models with thermal Comptonization,
synchrotron is not important in the central disk except for quite high M˙.
dominance of synchrotron due to the artificially high gas tempera-
tures, which are suppressed by thermal Comptonization.
4 SUMMARY
We have incorporated several new opacity effects within HARM-
RAD as applicable to black hole accretion flows accreting at Ed-
dington to super-Eddington rates. We investigated a range of accre-
tion rates from M˙ ∼ 1M˙Edd up to M˙ ∼ 100M˙Edd in order to con-
sider how thermal Comptonization, double Compton, synchrotron,
and other opacity effects control the thermodynamic and radiative
properties of highly-magnetized MAD type accretion flows.
We found that double Compton dominates free-free in the
central core of the disk even out to fairly large radii of r ∼
15rg (and potentially much further if we considered longer dura-
tion simulations) in highly super-Eddington accretion flows with
M˙ ∼ 100M˙Edd. We also found for these MAD models that syn-
chrotron dominates free-free within r ∼ 5rg for highly super-
Eddington accretion flows, and synchrotron provides plentiful soft
photons to regulate radiation temperatures throughout the flow for
Figure 14. All models, showing fluid-frame synchrotron opacity divided by
free-free opacity as well as b2/ρ (using density at equator for b2/ρ) across
the disk at r = 10rg. Synchrotron becomes as important as free-free in the
corona in models with M˙ ∼ 100M˙Edd and becomes much more important
than free-free in the jet for most models. So synchrotron is crucial to include
for the corona and jet thermodynamics in highly-magnetized MAD models
with M˙ & M˙Edd.
M˙ & 10M˙Edd. Progressively lower accretion rates are dominated
by double Compton and synchrotron within progressively smaller
radii until for sub-Eddington accretion these processes do not dom-
inate in the central core of the disk.
For our MAD models, we found that the coronal gas and ra-
diation temperatures are regulated by double Compton and syn-
chrotron, while jet temperatures are regulated by synchrotron. Of
our more realistic models with all our opacity physics, our model
with M˙ ≈ M˙Edd shows the highest disk gas temperatures compared
to higher accretion rate models. The surrounding coronal gas has
temperatures of Te ≈ 7 × 108K corresponding to 60keV, which
is ≈ 100 times higher than the disk’s black body temperature and
≈ 20 times higher than the disk’s radiation temperature (hardened
by fcol ≈ 4.5). This compares to other recent local shearing box
simulations that studied coronae and saw only up to T ∼ 107K in
the corona and a factor of 10 cooler disk black body temperatures
(Jiang et al. 2014b). The polar jet region near the black hole has
Te ∼ 4 × 109K corresponding to 350keV, about ten times higher
than models with M˙ ≈ 30M˙Edd, which should also contribute to
Comptonized emission (O’ Riordan et al. 2016b,a). The gas heat-
ing in the corona is plausibly driven by the strong highly-dynamic
magnetic fields threading the black hole and MAD type disk, but
more detailed analysis of this state will be presented in future work.
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Thermal Comptonization with double Compton and syn-
chrotron were crucial to include, otherwise gas temperatures were
excessively high by factors of ten (with thermal Comptonization,
but without double Compton or synchrotron) and up to factors of
a thousand (when no thermal Comptonization is included) as seen
in Takahashi et al. (2016). However, their suggestion that hot gas
regions could lead to the very high state (Kubota & Done 2004)
might still apply to our model with M˙ ∼ M˙Edd, which has disk gas
temperatures ten times higher than disk radiation temperatures.
We also found that for rotating black hole models, the
isotropic equivalent luminosity is enhanced compared to the total
luminosity by a beaming factor of up to b = 12 for the jet and up to
b = 8 for the radiation. Non-rotating models show only moderate
beaming of the jet by b = 5 and radiation by factor b ∼ 2–3, which
agrees with Sadowski & Narayan (2015b). The rotating black hole
models with significant beaming of radiation could help explain
ultra-luminous X-ray sources (ULXs).
None of our models show signs of thermal instability, as con-
sistent with our prior studies of super-Eddington flows (McKinney
et al. 2014, 2015). The stability of radiation-dominated disks is un-
certain, but affected by numerical method details, opacities used,
the degree of magnetization, and how these lead to enhanced ad-
vection (Hirose et al. 2009; Jiang et al. 2013; Sa¸dowski 2016; Jiang
et al. 2016; Mishra et al. 2016). Free-free does not limit the thermal
instability for increasing temperatures due to its opacity dropping,
but processes like double Compton increase with temperature and
so might ultimately limit such runaways.
The primary limitation of our study is the use of the M1 clo-
sure approximation because rays cannot intersect in the optically
thin regime. This limits applications to cases where most of the
radiation is in the scattering-dominated regime (true for all of our
models in the disk, and true for many of our models out to large
radii) or where radiation emerges primarily from a single region (as
common in accretion disks, for which radiation comes from near
the BH) (Tsang & Milosavljevic´ 2015). Multi-frequency transport
could also be important (Roberts et al. 2016).
Our study is most relevant to observations related to tidal dis-
ruption events (TDEs) (Dai et al. 2015), super-Eddington black
hole X-ray binary systems like GRS1915+105 and SS433 (Kulka-
rni et al. 2011), ULXs, and numerous quasars that accrete near
or above Eddington. Our results show that radiation beaming and
photon hardening effects are strong, and that Eddington to super-
Eddington models require double Compton and synchrotron in or-
der to obtain accurate temperatures in the corona and jet. Double
Compton may be an important thermostat (that enforces slightly
lower temperatures than pair creation seen in Fabian et al. 2015)
in quasars and other radiatively efficient super-massive BHs. Either
improvements to our radiative transfer scheme or multi-frequency
radiative transfer post-processing (Narayan et al. 2016) could allow
these simulations to be compared directly with spectra and timing
from these systems (Castello´-Mor et al. 2016).
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APPENDIX A: BOSE-EINSTEIN PHOTON
DISTRIBUTION
The fluid-frame quantities E and n described in §2 provide two pa-
rameters that describe the photon distribution function. All quan-
tities in these appendices are in the fluid frame. A reasonable as-
sumption for general optical depths is a Bose-Einstein (BE) distri-
bution (Miller et al. 2011), which correctly captures the behavior of
the photon distribution in a scattering-dominated atmosphere and
how it goes from Planck to Wien as radiation and gas temperatures
equilibrate. A diluted Planck might be reasonable in some cases
(Sadowski et al. 2016). We assume BE holds in the fluid frame,
which will be valid in the optically thick regime or when the radia-
tion is fairly isotropic in the fluid frame and energy exchange with
the electrons drives the photon distribution towards kinetic equilib-
rium. This neglects Doppler effects, because the radiation should
be isotropic in its own frame according to the M1 closure.
Let us define x = hν/(kbTγ) and ξ = µ/(kbTγ). Then the Bose-
Einstein distribution function is
nx =
e−ξ
ex − e−ξ . (A1)
The angle-integrated distribution of photons is given by the number
distribution
BNdx = C(kbTγ)3e−ξ
x2dx
ex − e−ξ = C(kbTγ)
3e−ξdIn, (A2)
with C = (8pi)/(h3c3). The corresponding energy distribution is
BEdx = C(kbTγ)4e−ξ
x3dx
ex − e−ξ = C(kbTγ)
4e−ξdIE . (A3)
Then, the radiation number and energy densities are
n(ξ) = C(kbTγ)3e−ξ In(ξ), (A4a)
E(ξ) = C(kbTγ)4e−ξ IE(ξ), (A4b)
respectively. This corresponds to two equations and two unknowns
for Tγ and ξ (or equivalently e−ξ).
Solving these equations, one obtains e−ξ = n4I3E/(CEI
4
n ) and
kbTγ = EIn/(IEn). Noting the behavior of Tγ and e−ξ is like ex-
ponentials, and searching for a simple fitting function to avoid an
inversion of a Polylog, we find a fit for radiation temperature of
kbTγ =
E/n
0.33333 + 0.060725/(0.646756 + 0.121982CE3/n4)
(A5)
with a corresponding equation for the chemical potential (µ) written
in terms of a dimensionless ξ = µ/(kbTγ) as
e−ξ =
1.64676
0.646756 + 0.121982CE3/n4
. (A6)
These fits agree with the full solution to < 2% from Planck (µ = 0)
to Wien (µ → ∞) limits. To match the Bose-Einstein condensate
limit µ = 0 when Tγ → 0, we restrict e−ξ < 1, while Tγ naturally
tends to zero as n → ∞ for fixed E. Now given the equations of
motion value for E and n, we can obtain Tγ and e−ξ that are used to
compute any opacity or emission rate.
Note that for Planck distributions, the integration over the BEν
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distribution function gives u0 = B(4pi/c) with Planck photon en-
ergy density of u0 = aT 4 (a is the radiation constant) and integra-
tion over the BNν distribution gives n0 = (30Zeta(3)/pi4)(a/kb)T 3 ≈
(1/2.7)(u0/(kbT )) where N = n0c/(4pi).
More generally, a BE distribution can be considered as a rough
fit to the frequency position of the peak and the shape of the soft
photon portion for the general distribution nx. This fit would break-
down when the emission is optically thin and absorption occurs far
from the peak in emission.
APPENDIX B: MEAN EMISSION AND ABSORPTION
Here we discuss how the mean opacity should be computed for
Boltzmann moment methods like the M1 closure method. Here,
the emitted mean intensity is jν = eν/(4pi) and eν is the emissivity
(energy loss per unit volume per unit time per unit frequency). The
energy loss rate per unit volume is then λe =
∫
eνdν.
B1 Integrated evolution equations
We obtain the form of Kirchhoff’s law and the correct mean opacity
from the Boltzmann equation in the fluid frame in a homogeneous
plasma without Compton scattering (not required to obtain our re-
sult). The Boltzmann equation for the photon occupation number nx
with x ≡ hν/(kbTγ) and xe ≡ hν/(kbTe), caused by bremsstrahlung
(BR) and double Compton (DC) emission without Kompaneets,
reads
∂τnx =
ΛBR(x,Tγ,Te)
x3
[1 − nx(exe − 1)] (B1)
+
ΛDC(x,Tγ,Te)
x3
[1 − nx(ex − 1)] ,
in the fluid-frame for a fluid element with proper time τ, where
ΛX(x,Tγ,Te)/x3 = dnx/dt of emission, describes the respective
emission rates (excluding stimulated emission). The BR process
drives the photon occupation number towards a black-body at tem-
perature Te, i.e., nx = 1/(exe −1), while DC pushes towards a black-
body at temperature Tγ, i.e., nx = 1/(ex − 1) (see §E3). Neither of
these two solutions make the Boltzmann collision term vanish for
Te , Tγ and the general equilibrium solution with respect to the
BR and DC processes is given by
neqx =
(
ΛBRexe + ΛDCex
ΛBR + ΛDC
− 1
)−1
. (B2)
As expected, for Te = Tγ this reduces to n
eq
x = 1/(ex − 1). So
assuming a BE-type distribution is only accurate in the equilibrium
limit when a single process dominates at some point in time and
space or if Tγ ∼ Te, the latter being true in equilibrium because we
include thermal Comptonization.
From Eq. (B1), we wish to obtain evolution equations for the
moments Nγ =
∫
x2nx dx and ργ =
∫
x3nx dx of the photon dis-
tribution. We furthermore want to express the equations in a form
∂τNγ = ΛN − κN Nγ and ∂τργ = Λρ − κρργ, where the coefficients
Λi and κi are functions of the two temperatures and possible de-
pendent parameters describing the underlying photon distributions
function. To obtain integrated equations one has to make an ansatz
for nx, which is given by only two free parameters, since only two
moments of the Boltzmann equation are being used (Nγ and ργ).
Let us start with Nγ. Inserting nx = nBE = 1/(ex+µ − 1) into
Eq. (B1) with a cutoff xc yields
∂τNγ(Tγ, µ) =
∫ ∞
xc
ΛBR+DC(x,Tγ,Te)
x
dx (B3)
−
∫ ∞
xc
ΛBR(x,Tγ,Te)
x
exe − 1
ex+µ − 1 dx
−
∫ ∞
xc
ΛDC(x,Tγ,Te)
x
ex − 1
ex+µ − 1 dx,
so that one has the emission and absorption coefficients
ΛN =
∫ ∞
xc
ΛBR+DC
x
dx (B4a)
κN =
1
Nγ(Tγ, µ)
[∫ ∞
xc
ΛBR(exe − 1) + ΛDC(ex − 1)
x (ex+µ − 1) dx
]
(B4b)
Similarly, for ργ we find
Λρ =
∫ ∞
xc
ΛBR+DC dx (B5a)
κρ =
1
ργ(Tγ, µ)
[∫ ∞
xc
ΛBR(exe − 1) + ΛDC(ex − 1)
ex+µ − 1 dx
]
. (B5b)
One can also obtain the moment equation associated with mo-
mentum conservation, which would introduce a radiation flux (and
so radiation frame velocity in the M1 closure) as a weight. We do
not try to model the angular distribution and frequency dependence
on the M1 radiation velocity, and in general the M1 flux mean be-
haves in a more complicated way as a function of optical depth
(Struchtrup 1997; Christen & Kassubek 2014).
These equations shows how one must construct αν via the
correct Kirchhoff’s law (i.e. which temperature enters) and the re-
lated mean opacity (i.e. how to weight the emission rate), where
λ = C(kbTγ)4Λρ, λn = C(kbTγ)3ΛN , κa = κρ/c, and κan = κN/c.
B2 Kirchhoff’s Law
The opacity for each process, αν (in cm−1, where κ, in the same
units, is reserved for the mean opacity), for a thermal electron dis-
tribution is given by Kirchhoff’s law
αν =
jν
Bν(Teq, µeq)
, (B6)
where the last section shows that Teq = Te for a process like BR
and Teq = Tγ for a process like DC, where µeq = 0.
B3 Mean Opacities
We use an approximation to the absorption mean, flux mean, and
emission mean that enter the 4-force. For a more general discus-
sion, see section 82 of Mihalas & Mihalas (1984), section 2.3 of
Huebner & Barfield (2014), page 38 in Sturrock et al. (1986), page
174 in Castor (2004), or section 15.2 in Modest (2013).
The Planck or emission mean is
κP =
∫
ν
ανBν∫
ν
Bν
=
∫
ν
jν∫
ν
Bν
= j/B = e/(4piB), (B7)
for optically thin emission rate e. The Planck mean would be what
is required if the radiation were LTE and one wanted to ensure the
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optically thin emission rate was correct if using our 4-force in the
comoving frame with an energy loss rate of
dug/dτ = κa(E − 4piB), (B8)
such that in the limit that E → 0 as τ = κaL→ 0 for some length L
of the region, then the gas would lose energy at a rate of 4piκaB =
e ≡ λe as required.
In the LTE diffusion limit, the Rosseland mean opacity κR with
κ−1R =
∫
ν
α−1ν dBν/dT∫
ν
dBν/dT
(B9)
is a good approximation to the flux mean (Davis et al. 2014). The
Rosseland mean should not be generally used in the energy equa-
tion as it would fail to give the correct emission rate in the optically
thin limit. Another approach is the use the Planck or absorption
mean for the energy equation while using the Rosseland mean to
approximate the flux mean for the momentum equation (Sadowski
et al. 2016), but this only gives a correct momentum exchange in
the diffusive limit for each grid cell.
Section B1 shows that the opacity which enters the energy and
number equations is the absorption mean given by
κA =
∫
ν
ανJν∫
ν
Jν
(B10)
for a mean intensity Jν =
∫
4pi
IνdΩ/(4pi) of radiation. Nominally,
one might not know or it may be hard to model Jν, but we model
the distribution function as BE. The absorption mean has also been
called the two-temperature Planck mean, and it has been used to
handle irradiated planetary atmospheres (Hubeny et al. 2003; Heng
et al. 2012) and circumstellar atmospheres (Malygin et al. 2014).
For the momentum equation and its flux mean, the mean ab-
sorption opacity should vary from the full Rosseland mean (includ-
ing every emission process and scattering in a single integration)
in the diffusion limit to the above absorption mean in the stream-
ing limit. This could be approximately achieved by interpolation
(Sampson 1965; Patch 1967; Ludwig et al. 1994; Vo¨gler et al.
2004), or by splitting the trapped and streaming radiation (e.g.,
Rosdahl & Teyssier 2015) with different opacities for each compo-
nent. For simplicity, we use the same way of computing the absorp-
tion mean opacity for the energy, number, and momentum equa-
tions. This may be reasonable for accretion disks, whose global
photospheres are often optically thin across each grid cell where
source terms are applied. In the deep optically thick limit within
the disk, the diffusion times are often slower than an inflow or out-
flow time. Then, radiation is trapped in the flow, so that the opacity
just needs to be high enough to maintain trapping.
The energy absorption energy-mean opacity is given by
κa =
∫
ν
ανBEν(Tabs, µabs)∫
ν
BEν(Tabs, µabs)
. (B11)
for a Bose-Einstein energy distribution BE. The corresponding
number absorption number-mean opacity is given by
κan =
∫
ν
ανBNν(Tabs, µabs)∫
ν
BNν(Tabs, µabs)
. (B12)
for a Bose-Einstein number distribution BN. For the distribution
BE and BN, one must choose Tabs → Tγ and µabs → µ for an
ambient BE radiation field at temperature Tγ and chemical potential
µ as consistent with Eq. (B1). The lower integration range over
frequency is assumed to be set by the Razin effect for each process.
Note that if one used κa instead of κan in the number evolution
equation, it would not give back a consistent optically thick ther-
mal equilibrium density of photons. From Eq. (9), one would have
obtained cκan = λn. However, the denominator of κa integrates to
B = u0c/(4pi) while the numerator of κa integrates to the energy
density loss rate per solid angle λe/(4pi). So one would have ob-
tained an equilibrium number density of n = λn/(cκa) = u0λn/λe,
which while dimensionally correct is not the required Planck an-
swer of n0. However, by using the number absorption number-
mean opacity, one obtains an equilibrium number density from
cκann = λn giving n = λn/(cκan) = n0 as required.
B4 Modifying the BE distribution with inverse Compton and
self-absorption
An ambient photon distribution as BE with a frequency indepen-
dent µabs , 0 is only a reasonable assumption if the absorption
timescale is longer than a typical flow timescale tflow and longer
than the timescale for inverse Comptonization to upscatter photons
(and so avoid absorption). Otherwise, if absorption is effective, then
µabs → 0 (Sunyaev & Zeldovich 1970; Lightman 1981; Burigana
et al. 1991, 1995). Because DC and bremsstrahlung emission be-
come increasingly effective at low frequencies, this condition is al-
ways fulfilled at very low frequencies.
When kbTe . mec2, the timescale for inverse Comptonization
(IC) of photons to higher energies is
tIC ∼ tc mec
2
kbTe
(B13)
where tc = (necσT )−1 is the electron scattering timescale. (This is
not the energy redistribution time between gas the electrons, that
would given by tre ∼ E/λc from Eq. (E2).) The timescale for ab-
sorption is given by the absorption term for dnx/dt in Boltzmann’s
equation and computing
tabs ∼ nx[dnx/dt]abs =
1
cαx
, (B14)
where αx = αν. From the condition tIC > tabs, one can thus deter-
mine those frequencies for which the distribution is Planck because
those low-energy photons are absorbed before being upscattered.
So, a significant improvement to the BE distribution assump-
tion is to force µabs → 0 when tabs < tflow and tabs < tIC for a typical
flow time or simulation timestep tflow ∼ 10−3(rg/c). Otherwise, IC
avoids self-absorption or insufficient time has elapsed to assume
absorption has had time to force µabs → 0. This is how we modify
the BE distribution in this paper. We do not try to model the transi-
tion and just assume it’s a discontinuous change in the distribution.
This modified BE distribution acts as a sub-timestep model for the
photon distribution function. We apply this modification to µ for
each process, which assumes the dominant process is the only one
we need to treat accurately.
B5 Absorption balancing Emission
The energy emission rate is
λe = 4pi
∫
ν
jν = 4pi
∫
ν
ανBEν = κa4pi
∫
ν
BEν ≡ κe4piB, (B15)
with the last equation defining the so-called energy emission mean
opacity κe. The number emission rate is
λn = 4pi
∫
ν
( jν/(hν)) = 4pi
∫
ν
ανBNν = κan4pi
∫
ν
BNν ≡ κen4piN,
(B16)
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where κa and κan are from the generalized absorption mean opacity
expression Eq. (B11) and Eq. (B12). For these emission processes,
in the distribution functions BE and BN that appear in κa and κan,
one replaces Tabs → Teq (Teq = Te for BR-like processes and Teq =
Tγ for DC-like processes) and µabs → µeq = 0.
This construction of λe and λn just ensures that we treat the
integration limits consistently so that in the optically thick thermal
equilibrium limit the absorption balances emission. It also defines
the so-called emission mean opacity that is just a way to write the
emission rates as a type of opacity with a simple factor B or N that
need not be separately tabulated.
APPENDIX C: FREE-FREE EMISSION
Following the discussion in Rybicki & Lightman (1986) that fol-
lows Novikov & Thorne (1973), the electron-ion free-free emissiv-
ity jffeiν is obtained from
jffeiν =
8
√
2pi
3 (n− + n+)niq
6Z2p
√
1
kbme
e−
hν
kbTe
3c3me
√
Te
g¯ffeiRei(θ), (C1)
where we assume no pairs so (n− + n+) → ne, and where the rela-
tivistic correction factor is
Rei(θe) =
1 + 1.76θ1.34e θe 6 11.4θ0.5e (ln(1.12θe + 0.48) + 1.5) θe > 1 (C2)
(Svensson 1982; Esin et al. 1996). We assume temperatures are
T & 105K, which is in the small-angle uncertainty principle regime,
so that g¯1,ffei = (3kbTe/(pihν))1/2 for hν/(kbT ) > 1 and g¯2,ffei =
(
√
3/pi) ln(2.2kbTe/(hν)) for hν/(kbT ) < 1, which we interpolate
as g¯ffei = g¯1,ffei exp(−1/xe) + g¯2,ffei(1 − exp(−1/xe)). More accurate
analytical fitting formulae can be used (Svensson 1984; Shu 1991;
Itoh et al. 2000; Sakamoto et al. 2001), although this level of accu-
racy is not required.
For abundances with mass fractions of Hydrogen, Helium, and
“metals”, respectively, X, Y , and Z, in a mostly ionized gas ne/ρ =
1/(µemu) = (1 + X)/(2mu) while
∑
i niZ2i = (ρ/mu)
∑
i(XiZ2i /Ai) =
(ρ/mu)(X + Y + B) for mass fraction of species i of Xi, where B =∑
i>2(XiZ2i /Ai) with X + Y + B ≈ 1 − Z for B  {X,Y}. We often
assume solar abundances (mass fractions of Hydrogen, Helium, and
“metals”, respectively, X = 0.7, Y = 0.28, Z = 0.02) with electron
fraction Ye = (1 + X)/2 giving mean molecular weight µ¯ ≈ 1/(2X +
0.75Y + 0.5Z) ≈ 0.62 for ionized gas, which enters the gas entropy,
pressure, and temperature Tg.
For free-free, κffei ≈ 1 × 1024ρ2T−7/2e (1 + X)(1 − Z)R(θe), for
near solar abundances for the Planck mean. A Rosseland mean
gives κffei,R ≈ 3.8 × 1022ρ2T−7/2e (1 + X)(1 − Z)R(θe), which is about
30 times smaller than the Planck mean. These calculations correct
the formulae used in McKinney et al. (2015), where the free-free
and free-bound coefficients were for Rosseland while the functional
form was for Planck.
One can then compute the energy and number absorption
mean from αffeiν = j
ffei
ν /Bν(Te) from Kirchhoff’s law with a distribu-
tion based upon T = Te.
C1 Razin Effect for Bremsstrahlung
The well-known infrared divergence for free-free leads to a for-
mally infinite number of photons generated. Without any adjust-
ment, the number absorption mean opacity diverges (Ascoli & Bus-
setti 1956; Yennie et al. 1961). For a given experiment size, this
divergence can be removed by adding in other non-bremsstrahlung
processes that cannot be distinguished and that can occur (Akhiezer
& Berestetsky 1953; Kaku 1993). The divergence is logarithmic, so
any physical effect that would limit the presence of low frequency
radiation would likely lead to a sufficient removal of the divergence
to order unity or so.
Several processes can destroy the coherence of the emis-
sion process over the formation length while the electron and
photon continue to distinguish themselves quantum mechani-
cally. This includes Comptonization, Razin-type collective plasma
effects (see below), finite temperature effects (Weldon 1994),
Debye-length limit of the Coulomb potential (Gould 1990), and
Landau-Pomeranchuk-Migdal (LPM) effect of multiple scatterings
(Akopyan & Tsytovich 1976; Chen & Klein 1993; Shul’Ga &
Fomin 1998; Klein 1999, 1997; Fortmann et al. 2005; Fortmann
et al. 2007).
Collective plasma effects at the plasma frequency scale lead to
dielectric suppression of the thermal bremsstrahlung rate that is the
lowest frequency and strongest cut-off of radiation compared to the
LPM or other effects (Scheuer 1960; Dawson & Oberman 1962;
Mercier 1964; Bekefi 1966; Ichimaru 1973; Melrose 1972; Weldon
1994; Anthony et al. 1996). This can be accurately represented by
multiplicative suppression factor of S = ω2/(ω2 + ω2pe) = (1 +
ω2pe/ω
2)−1 (Melrose 1972) for electron plasma frequency ωpe. As a
contribution to the mean opacity, a sufficiently accurate suppression
factor is given by
S = (1 − ω2pe/ω2)1/2 = S = (1 − xp/x2)1/2, (C3)
(Bekefi 1966), for which the frequency integrals then start at ω =
ωpe where xp = hνpe/(kBTe) and νpe = ωpe/(2pi) such that
xp = 4.3 × 10−7 √ne/Te = 3.3 × 105
√
Yeρ/µ¯/Te. (C4)
So S can be treated as a suppression factor that simply depends
upon the integral’s lower cut-off, here xp. Note that this suppression
is not an absorption process, and instead the light wave is evanes-
cent below plasma frequencies. This cut-off operates even when
the system is not in equilibrium. In principle, this means we need
to tabulate/fit our opacities vs. the dimensionless lower frequency
cut-off xcut = xp. Instead, for a given system, because the effect of
the cut-off is logarithmic, we use a fixed cut-off for expected den-
sities and temperatures.
C2 Tabulating/Fitting the Free-Free mean opacity
After substituting ν → xkbTe/h and using x, e−ξ, and ζ = Tγ/Te as
independent variables, and given a dimensionfull term set as
f (ne, ni,Te) ≡ 1.2 × 1024T−7/2e ρ2(1 + X)(1 − Z)R(θe), (C5)
then one can tabulate/fit the residual dimensionless factor
κa,ffei/ f (ne, ni,Te). The mean opacity is quite linear in log-log space,
so such a direct look-up table can be generated of small dimen-
sions that covers all dimensionless space of ζ = 10−10–1010 and
0 6 e−ξ 6 1.
For HARMRAD, we obtain a fitting function
κa,ffei
f (ne, ni,Te)
= aζ−b ln(1 + cζ), (C6)
where in general a(e−ξ), b(e−ξ), c(e−ξ) are functions fitted for in that
separate dimension. Similarly, the residual for the number opacity
κan,ffei/ f (ne, ni,Te) can be fitted with the same form of the expres-
sion with different constants.
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The final fitted constants a, b, c for the energy opacity are
a = 0.188(e−ξ)13.9 − 0.2(1 − (e−ξ))0.565 + 0.356 (C7)
b = 0.0722(e−ξ)1.36 + 0.255(1 − (e−ξ))0.313 + 3.06
c = −1.41(e−ξ)3.08 − 1.44(1 − (e−ξ))0.128 + 5.99
and the constants an, bn, cn for the number opacity are
an = 21.(e−ξ)5. − 2.06(1 − (e−ξ))1. + 4. (C8)
bn = −0.412(e−ξ)59.1 + 0.000894(1 − (e−ξ))10.2 + 3.15
cn = 5.27(e−ξ)69.2 + 2.39(1 − (e−ξ))0.552
These fits use Razin and modified BE distribution based upon den-
sities and temperatures for an Eddington-accreting BH X-ray bi-
nary. This gives a fit accurate for the energy opacity to less than
20% relative error for 10−5 < ζ < 105 and 0 < e−ξ < 1 with
careful attention near e−ξ = 1 where significant changes occur. The
number opacity has a similar error except at e−ξ = 1 where the
results are accurate to factors of two as related to sharp changes
right at e−ξ = 1 for ζ & 104. The fitting coefficients at only
e−ξ = 1 are {a, b, c} = {0.532, 3.14, 4.52} for the energy opacity
and {an, bn, cn} = {20.0, 2.67, 5.00} for the number opacity. These
Planck coefficients can be used for the emission mean opacity when
one also enforces ζ = 1.
C3 Electron-Electron Opacity
The electron-electron opacity is the same as the electron-ion opac-
ity except (n− + n+)ni is replaced by (n2− + n
2
+) ≈ n2e and Rei is
replaced by
Ree(θe) =
1.7θe(1 + 1.1θe + θ2e − 1.06θ2.5e ) θe 6 11.7θ0.5e (1.46(1.28 + ln(1.12θe)) θe > 1 (C9)
(Esin et al. 1996). When obtaining mean opacities and emission
rates, the density and R factors pull out and so any integrations
apply to both these rates. This electron-electron opacity is added to
the electron-ion opacity to give the final free-free opacity of
κff = κffei + κffee, (C10)
for both energy and number mean opacities.
C4 Effective Opacity including Lower temperature opacities
The bound-free (number and energy) opacity κbf is the same as free-
free with (1+X)(1−Z) replaced by ∼ 750Z(1+X +0.75Y) (Rybicki
& Lightman 1986), where the 1+X+0.75Y term is roughly accurate
near solar abundances. This assumes mostly ionized hydrogen and
helium. One should also drop the high-temperature R(θe) factor.
Rosseland means are often provided for lower temperature
opacities due to the expectation of applications to stellar interiors
with temperature transport as the primary study. These opacities
also tend to assume Te = Tγ. Direct integration to obtain absorp-
tion means is not easy because the required frequency-dependent
opacity data is not readily available.
To approximately convert published Rosseland means that as-
sume Te = Tγ to absorption means that allow Te , Tγ, we remove
the electron scattering opacity (if it was included) and assume the
opacity has a generic free-free-like form of αx ∝ (1 − exp(−x))/x3.
This allows us to obtain the generic ratio of absorption mean to
Rosseland mean of ∼ 30 at Te = Tγ as consistent with the free-
free calculations above, and this factor of 30 already appears in the
below opacities.
At intermediate temperatures of 105–107K and low densities,
the free-free and bound-free opacity change their behavior for solar
abundances to become the “Chianti opacity” of
κChianti/ρ ∼ 30 × 1033ρ(0.1 + Z/Zsolar)X(1 + X)T−4.7e . (C11)
This behaves similarly to the free-free or free-bound opacity, but
with a steeper temperature dependence. This accounts for the as-
sumed Z = Zsolar = 0.02 for figure 34.1 in Draine (2011), most
applicable for baryon densities of nb ∼ 1cm−3. This gives a kink
in the opacity at T ∼ 107K. To capture the drop in opacity at even
lower temperatures and obtain a peak opacity at T ∼ 105K for solar
abundances as in that figure 34.1, we use the H− opacity of
κH−/ρ ≈ 33 × 10−25Z0.5ρ0.5T 7.7g , (C12)
and use the molecular opacity of κm/ρ ≈ 3Z. The H− and molecular
opacity should have a absorption mean that will change with Tγ
(e.g. Malygin et al. 2014), but in our case these low temperature
opacities most often occur when Tγ ∼ Te.
The Chianti opacity works for low densities at intermediate
temperatures, but at higher densities and lower temperatures addi-
tional effects modify the opacity. Realistic opacities for T . 107K
at higher densities can be obtained from the OPAL opacity ta-
bles that includes bound-bound lines and other physics (Iglesias
& Rogers 1996). Other opacity calculations focused on stellar at-
mospheres give similar results (Seaton et al. 1994), while mod-
ern opacity tables use the OPAL opacity tables in some regimes
(Paxton et al. 2011). Particularly, the opacity is enhanced between
T ∼ 104K and T ∼ 105K at high densities due to H and He as
well as enhanced around 105K at low densities due to metals such
like Fe. Such opacities have been approximately fit by Iben (1975)
with corrections for the OPAL opacities by Guzik & Cox (1995),
but those fits do not capture the low temperature or Fe line fea-
tures. For T ∼ 105K, this opacity is significantly enhanced beyond
the electron scattering opacity and can introduce driving of winds
(Proga et al. 1998). We obtain a rough fit to the OPAL opacity Ta-
ble 73 relevant for solar abundances. We subtract out the electron
scattering opacity from their Rosseland mean to obtain a Rosseland
absorption mean. The “OPAL opacity” fit is given as extra terms
κCOPAL ∼ 3 × 10−13κChiantiT 1.6e ρ−0.4 (C13)
and
κHOPAL ∼ 104T−1.2g κH− . (C14)
The Fe line at T ≈ 1.5 × 105K can be approximated by adding (to
the overall opacity) the Gaussian
κFe/ρ ∼ 0.3
(
Z
Zsolar
)
e−6(−12+ln(Tg))
2
. (C15)
This gives an iron line bump, which can affect the structure of disks
and stars with substantial metals (Jiang et al. 2015, 2016). For the
Fe line we do not modify this Rosseland mean into a Planck mean,
because the line sits at a narrow band of frequencies and does not
follow the free-free frequency dependence.
Our conversion from Rosseland to absorption means assum-
ing the frequency-dependence is roughly free-free-like also allows
us to apply the general free-free ζ dependence to these opacities as
well estimate the energy and number mean opacities. We take the
ratio of a given low-temperature κ (that applies to Te = Tγ) to κff
at ζ = 1, and then we set the final lower-temperature opacity as
κff times that ratio. This is done for both energy and number mean
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opacities separately. Only for the temperature-independent molec-
ular opacity and narrow-band Fe line opacity do we assume a ζ-
independent opacity that is the same for number and energy mean
opacities.
The final effective opacity κeff that bridges between the various
opacities is given by
(κeff−κFe)−1 ∼ (km+κHOPAL)−1+κ−1COPAL+(κChianti+κff +κbf)−1. (C16)
This gives a fit to the ”OPAL” opacities that is accurate to less
than 30% in most cases and factors of ten for T  105K. This
defines both the energy opacity and number opacity by assuming
κm, κHOPAL, κCOPAL, and κChianti scale with free-free (and bound-free)
for energy and number opacities.
APPENDIX D: CYCLO-SYNCHROTRON EMISSION
Cyclo-synchrotron is important when magnetic fields are strong
in diffuse plasmas. We follow the discussion in Mahadevan et al.
(1996) (see also Ginzburg & Syrovatskii 1965), where fits are given
to cyclo-synchrotron at several discrete temperatures from 5×108K
to 3.2×1010K as well as the ultrarelativistic limit. Other fits are con-
sidered for higher temperatures in Leung et al. (2011). Planck mean
opacities have been considered before in the context of black hole
accretion flows (Mason & Turolla 1992).
We consider thermal electrons with temperature Te. Following
Mahadevan et al. (1996) and Esin et al. (1996), the emissivity is
jsyn(ν) = 4.43 × 10−30νMne xM I
′(xM)
K2(1/θe)
dν erg cm−3s−1, (D1)
where θe = kbTe/(mec2) and
xM =
ν
νM
, νM =
3
2
eB
2pimec
θ2e = 1.19 × 107BT 210 Hz, (D2)
where T10 = Te/1010K. The function I′(xM) is defined in Mahade-
van et al. (1996), who provide the following fitting function for it,
I′(xM) =
4.0505α
x1/6M
1 + 0.40βx1/4M + 0.5316γx1/2M
 exp(−1.8899x1/3M ).
(D3)
In the ultrarelativistic limit α = β = γ = 1 and K2(1/θe) →
2θ2e , while table 1 in Mahadevan et al. (1996) gives these coeffi-
cients for several other temperatures.
For synchrotron, a primary limitation of our opacities is the
lack of non-thermal electrons, which would greatly modify the
opacity in optically thin regions.
We use the low-frequency (hν  kTe) (e.g. Rayleigh-Jeans
for Planck) expansion for the distribution that appears in Kirch-
hoff’s law within the opacity. Equivalently, we assume synchrotron
emission at hν & kbTe is sub-dominant. This approximation is rea-
sonable when (kTe)/(hνM)  1, which will be valid for simulations
we consider. One can then compute the energy and number absorp-
tion mean from αsynν = j
syn
ν /Bν(Te).
D1 Razin Effect for Synchrotron
Collective plasma effects, like the Razin effect, occur for syn-
chrotron (Hornby & Williams 1966; McCray 1967; Simon 1969).
This has been applied in the astrophysical case recently by
Dougherty et al. (2003). The characteristic cut-off occurs at
νR ≈ ν2pe/νB ≈ 19ne/B. (D4)
or in terms of our dimensionless synchrotron integration variable
in x1/3M ∼ 0.01(ne/B)1/3. Below νR the synchrotron spectrum varies
as ν3/2 exp(−νr/ν) independent of the electron spectrum as long as
there is no high-energy cut-off in the electron spectrum (in which
case the νR is even higher at νR ≈ 500γ1n3/4e /B1/2 for electron en-
ergy cut-off at E = γ1mec2). This cut-off can be approximated quite
accurately by multiplying αsν by e
−νR/ν = e−xR/x (Dougherty et al.
2003), which is the approximation we apply to our integrals. Like
with free-free, the cut-off is small enough that changes in the de-
pendence of opacity vs. ζ = Tγ/Te only occur for ζ  1, where the
BE assumption is unlikely accurate and the simulation very rarely
accesses. Hence, like with free-free, we only tabulate/fit the region
above this change in character.
D2 Tabulating/Fitting Cyclo-Synchrotron
Defining
φ ≡ kTγ
hνM
, (D5)
and using a dimensionfull factor of
g(ne, B,Te) = 5.85374 × 10−14neφθ−3e T−1γ , (D6)
the residual factor κa,syn/g(ne, B,Te) and κan,syn/g(ne, B,Te) can be
tabulated. This residual is quite linear in log-log space, so not much
resolution is required. In order to handle regions with weak or zero
magnetic field strengths or radiation temperatures, we limit φ to no
smaller than 10−20 and no larger than 1020.
For HARMRAD, we fit the energy and number opacity resid-
ual by (
κ{a,an},syn
g(ne, B,Te)
)−1
≈ (aφ−b ln(1 + cφ))−1 + (dφ−e)−1 (D7)
with different coefficients a, b, c, d, e for the energy and number
opacities. As with the free-free opacity, a, b, c, d, e are indepen-
dently fitted for as functions of φ for each e−ξ. We obtain fits are
accurate to less than 20% relative error for any temperature Te case
given in Mahadevan et al. (1996) over the range 10−8 < φ < 1015
and 0 6 e−ξ 6 1.
For densities and temperatures relevant for SgrA*, which en-
ters the Razin cut-off and modification of the BE distribution, the
ultrarelativistic temperature limit has coefficients for the energy
opacity of
a = −0.0295(e−ξ)2.29 − 0.143(1 − (e−ξ))0.251 + 0.236 (D8)
b = 0.00977(e−ξ)730. + 0.0291(1 − (e−ξ))0.48 + 2.58
c = 1.29(e−ξ)1.59 + 3.46(1 − (e−ξ))0.234 + 2.15
d = −78.1(e−ξ)66. − 40.3(1 − (e−ξ))0.899 + 87.4
e = 0.415(e−ξ)0.399 + 1.04(1 − (e−ξ))0.252 + 2.68
and the constants for the number opacity are
an = 10.8(e−ξ)172. − 20.4(1 − (e−ξ))0.699 + 29.2 (D9)
bn = −0.18(e−ξ)31.9 + 0.425(1 − (e−ξ))0.179 + 2.76
cn = 0.0207(e−ξ)9.69 + 0.0506(1 − (e−ξ))0.804 + 0.0314
dn =
(
1.51 × 106
)
(e−ξ)2830. − 1.4 × 105(1 − (e−ξ))3.06×10−12 + 1.4 × 105
en = 0.1(e−ξ)1.95 + 1.57(1 − (e−ξ))0.124
These fits are accurate to 20% error over most of the do-
main 10−4 6 φ 6 1015 and 0 6 e−ξ 6 1. For e−ξ =
1, the coefficients for the energy opacity are {a, b, c, d, e} =
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{0.206, 2.59, 3.44, 9.33, 3.09} and for the number opacity are
{an, bn, cn, dn, en} = {40.0, 2.58, 0.0522, 1.65 × 106, 0.100}. These
Planck coefficients can be used for the emission mean opacity when
one also enforces φ → (kTe)/(hνM). For φ 6 10−5 these opacities
becomes constant for each e−ξ vs. φ due to the Razin cut-off, so for
such values of φ one should replace the opacities with their values
at φ = 10−5 thus overriding the above fits.
For densities and temperatures relevant for an Eddington-
accreting BH X-ray binary, we only obtain fitting accurate to or-
der unity since other processes usually dominate and finding fitting
functions can be difficult. The ultrarelativistic temperature limit has
coefficients for the energy opacity of
a =
(
−2.31 × 10−8
)
(e−ξ)34. −
(
8.24 × 10−9
)
(1 − (e−ξ))2.42 + 1.27
b = −0.0261(e−ξ)738. − 0.00475(1 − (e−ξ))1.55 + 1.06 (D10)
c = 0.000179(e−ξ)432. + 0.0000411(1 − (e−ξ))0.372 + 0.000584
d = −17.7(e−ξ)49.4 − 3.33(1 − (e−ξ))2.76 + 18.3
e = 0.427(e−ξ)0.654 + 1.23(1 − (e−ξ))0.214 + 2.49
and the constants for the number opacity are
an = −0.000359(e−ξ)1.31 − 0.000552(1 − (e−ξ))0.135 + 0.00209
bn = 0.035(e−ξ)5.43 + 0.0433(1 − (e−ξ))0.159 + 0.948 (D11)
cn = −0.122(e−ξ)37.1 − 0.0685(1 − (e−ξ))2.8 + 1.04
dn = −8.59(e−ξ)155. − 6.47(1 − (e−ξ))0.436 + 8.71
en = −0.447(e−ξ)394. + 0.506(1 − (e−ξ))0.155 + 2.45
For e−ξ = 1, the coefficients for the energy opac-
ity are {a, b, c, d, e} = {1.27, 1.03, 0.000763, 0.616, 2.91}
and for the number opacity are {an, bn, cn, dn, en} =
{0.00173, 0.983, 0.921, 0.123, 2.00}, to which the fits reduce
to in this limit. These Planck coefficients can be used for the
emission mean opacity when one also enforces φ→ (kTe)/(hνM).
For the temperatures down to T = 108K described in Mahade-
van et al. (1996), we have fitted the ratio of the discrete temperature
mean opacities to the ultrarelativistic mean opacity. However, even
at this lower temperature regime the fits by Mahadevan et al. (1996)
are not broad-band enough to obtain an accurate mean opacity. Fur-
ther, the simulations reach to much lower temperatures where there
are no accurate fits. The fits are not too dissimilar from the ultra-
relativistic mean opacities, except when φ is far from unity. So, we
assume the ultrarelativistic opacity in all temperature regimes, as
has been done by others (Fragile & Meier 2009). In the future, we
can use more accurate cyclo-synchrotron calculations (Leung et al.
2011; Pandya et al. 2016) to compute the mean opacities.
APPENDIX E: COMPTON SCATTERING
Comptonization modifies the spectra and cools accretion flows
(Kawashima et al. 2009; Schnittman et al. 2013; Xie et al. 2010;
Kawashima et al. 2012), and Comptonization may generate useful
observational signatures of super-Eddington accretion (Sutton et al.
2013). So it is an important process to consider.
E1 Thomson Scattering with Klein-Nishina
The electron scattering opacity is
κs ≈ κesκkn, (E1)
where the Klein-Nishina (KN) correction for thermal electrons is
κkn ≈ (1 + (Te/(4.5 × 108))0.86)−1 (Buchler & Yueh 1976) and
κes = 0.2(1+X). This is applicable as a Rosseland mean for a Planck
distribution of photons in non-degenerate matter (with KN correc-
tion applicable when Te ∼ Tγ). However, the Rosseland mean and
streaming limit of the flux mean are similar to within 10% (Pouta-
nen 2016), so a fixed scattering opacity as a function of optical
depth is reasonable. A Wien distribution leads to a faster drop in
scattering opacity as θe > 1 (Svensson 1984), but this is a small
correction as we do not end up with solutions having large regions
with θe > 1 or θγ > 1.
E2 Thermal Comptonization via Kompaneets Scattering
We account for energy exchange via Comptonization in the soft-
photon limit of Kompaneets equation, which we implement in a
similar way to that described in Kawashima et al. (2009). For a
general temperature, using the result given in equation (2.43) in
Pozdnyakov et al. (1983), Sa¸dowski et al. (2015) obtained a thermal
Comptonization term of
λc = −cκesE
[
4k(Te − Tγ)
mec2
]
× (E2)
×
1 + 3.683 ( kTemec2
)
+ 4
(
kTe
mec2
)2 [1 + ( kTemec2
)]−1
,
which is consistent with the frequency-integrated energy-weighted
Kompaneets equation and is valid for a BE distribution with any
chemical potential. We assume that the Compton-scattered radia-
tion is emitted isotropically in the fluid frame, which is a good ap-
proximation in the soft photon limit or for when there are numerous
scatterings.
This scheme is tested for accuracy as in Ryan et al. (2015)
section 4.2, except they started with a delta function for the photon
distribution and evolved the photons in a scattering region to see
the redistribution toward Wien. Since we assume Bose-Einstein, we
start with Planck at Tγ = 500061K that gives their energy density
for our Planck initial distribution. We assume their Te = 5 × 107K,
baryon number density nb = 2.5 × 1017, and ideal gas constant
γ = 5/3. Then, we evolve the system and check the timescale
for equilibration as well as the final distribution and temperature,
which can be computed from the conditions of thermal equilibrium
and photon conservation. Analytically we obtain a final tempera-
ture of T ≈ 2.778 × 106K and e−ξ = 0.0070. We use harmrad and
evolve for t = 20s. If we evolve for this time in a single timestep,
as possible with our implicit method, we find that after this time,
Te ≈ 2.786 × 106K, Tγ ≈ 2.779 × 106K, and e−ξ ≈ 0.0070 (i.e.
quite Wien). If we evolve the system for about 48, 000 timesteps,
then we find Te = Tγ ≈ 2.779× 106K (with temperatures similar to
machine precision) and e−ξ ≈ 0.0070. In this case, the temperatures
approach each other on a timescale of 0.02s, as is the equilibration
timescale. Errors in these results are dominated by the temperature
and chemical potential fits for the BE distribution that are only ac-
curate to at worst 2% as well as by the first order time error in the
implicit method when taking only a single large timestep.
Other extensions to Kompaneets can be found elsewhere that
account for relativistic effects (Sazonov & Sunyaev 1998; Challinor
& Lasenby 1998; Nagirner et al. 1997; Challinor & Lasenby 1998;
Brown & Preston 2012; Nozawa & Kohyama 2015), high tempera-
tures (Sampson 1959; Xie et al. 2010; Garain & Chakrabarti 2013;
Niedzwiecki et al. 2014), and evolve the electron temperature (Pro-
copio & Burigana 2009; Chluba & Sunyaev 2012).
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E3 Double Compton
An important source of soft photons is the double (or radiative)
Compton effect, which dominates bremsstrahlung in radiation-
dominated diffuse plasmas (Lightman 1981; Thorne 1981; Svens-
son 1984; Chluba et al. 2007). These photons are therefore an im-
portant source for thermal Comptonization.
The statistical factor for the DC emission process, e + γ0 ↔
e′ + γ1 + γ2, is given by
F = f (E) n0(1 + n1)(1 + n2) − f (E′) n1n2(1 + n0) (E3)
= f (E) n0(1 + n1)
[
(1 + n2) − e−(E′−E)/kTe (1 + n0)n0
n1
(1 + n1)
n2
]
where a relativistic Maxwell-Boltzmann, f (E) ∝ e−E/kTe , was
assumed for the electrons. Inserting BE distributions for the pho-
tons around energies hν0 and hν1 and using E′−E = h(ν0−ν1−ν2),
one has
F = f (E) n0(1 + n1)
[
(1 + n2) − e
h(ν1+ν2−ν0)
kTe ex0+µ0 e−x1−µ1 n2
]
= f (E) n0(1 + n1)
[
(1 + n2) − e∆x
(
1− TγTe
)
ex2 n2
]
, (E4)
where in the last step we assumed constant chemical poten-
tial, µ1 = µ0. Let’s look at the average change in the energy of the
photon
∆x = x0 − x1 − x2. (E5)
In the approximations that are used for the derivations, in fact,
there is no direct energy exchange, so that all the energy comes
from the scattering photons and x0 − x1 − x2 ≈ 0. Thus, we have
F ≈ f (E) n0(1 + n1) [(1 + n2) − ex2 n2] (E6)
= f (E) n0(1 + n1) [1 − n2(ex2 − 1)] .
This shows that without direct energy exchange in the scatter-
ing event (no recoil and Doppler boosting), the spectrum is driven
towards an equilibrium at the temperature of the photon field with
T = Tγ. Energy exchange leads to a small correction to the Comp-
ton process for the high frequency photons (γ0 and γ1), which ne-
glect here (for more discussion see Chluba 2005).
For photon occupation number nx, the number density of pho-
tons is
n = (8pi(kbTγ)3/(h3c3))
∫ ∞
0
nx x2dx, (E7)
where here we set the dimensionless energy x = hν/(kbTγ).
The change in the occupation number per unit time due to
emission of double Compton photons with energy x is
dnDCx
dt
= t−1c
4α
3pi
θ2γ
1
x3
IDC (E8)
(Lightman 1981; Chluba et al. 2007), where θγ ≡ kbTγ/(mec2),
t−1c = necσT = κesc, and α is the fine structure constant. Notice that
the double Compton rates are dependent upon the radiation temper-
ature Tγ, unlike the other emission processes. Note that Lightman
1981 did not distinguish Te from Tγ when obtaining their equation
10a, but their derivation only depends explicitly upon the radiation
temperature and just assumed θe  1 in order to drop frequency
shift terms. The dimensionless DC emission-Gaunt factor is
IDC(x, e−ξ, θe, θγ) =
∫ ∞
2x
y4(1 + ny−x)ny
[
x
y
HG
(
x
y
)]
Gm(yθγ, θe)dy ,
(E9)
where y = hν/(kbTγ) is a dummy variable for x and ny−x means to
substitute y − x as x in nx, and dimensionless
Gm(xθγ, θe) =
∫ ∞
0
Gm(ω0, β0) f (E0, θe) p20 dp0 (E10)
for momentum p0 = meγ0β0 and γ0 = 1/
√
1 − β20, photon fre-
quency per electron rest-mass energy ω0 = hν0/(mec2) = xθγ, 3-
velocity β0, and energy E0 = meγ0 or E20 = p
2
0 + (mec
2)2. The
relativistic Maxwell-Boltzmann distribution per ne is
f (E, θe) =
1
4pim3e K2(1/θe) θe
e−E/meθe , (E11)
where K2(1/θe) is the modified Bessel function of the second
kind, with θe = kBTe/(mec2), and where ne is the electron number
density, such that 1 =
∫
f (E) d3 p, and
Gm(ω0, β0) ≈
γ20 (1 + β
2
0)
1 +
∑4
k=1 fk(β0) γ
k
0ω
k
0
, (E12a)
with the functions fk(β0)
f1(β0) =
1
1 + β20
[
21
5
+
42
5
β20 +
21
25
β40
]
(E12b)
f2(β0) =
1
(1 + β20)
2
[
84
25
+
217
25
β20 +
1967
125
β40
]
(E12c)
f3(β0) = − 1(1 + β20)3
[
2041
875
+
1306
125
β20
]
(E12d)
f4(β0) =
1
(1 + β20)
4
9663
4375
(E12e)
(Chluba et al. 2007; Chluba & Sunyaev 2012) (with typo fixed
in f3). As compared to previous expressions that require θe  1
and θγ  1 and x  1 (i.e. cold electrons, cold photons, and soft
photons) (Lightman 1981) where IDC → I0,DC with
I0,DC =
∫ ∞
0
x4(1 + nx)nxdx, (E13)
our version from Chluba et al. (2007) is accurate for moder-
ately relativistic electrons and photons (i.e. θe . 1 and θγ . 1 and
x . 1). For x & 1 double Compton is suppressed as e−2x, and high
energy photons are more readily generated by single Comptoniza-
tion off the double Compton photons (Thorne 1981).
The differential number emission rate (number per unit time
per unit volume) is
dn˙DC = (8pi(kbTγ)3/(h3c3))x2dx
dnDCx
dt
, (E14)
and the differential emission rate (energy per unit time per unit vol-
ume) is
dE˙DC = (kbTγ)xdn˙DC, (E15)
such that
jDC(x) = dE˙DC/(4pi). (E16)
The energy and number mean opacities can then be com-
puted from αDCν = j
DC
ν /Bν(Tγ) = j
DC(x)/B(x,Tγ) where B(x) =
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Bν(dν/dx) with dν/dx = kBTγ/h. As shown in §E3, here Kirch-
hoff’s law is based upon a distribution at T = Tγ, because these
DC expressions include no recoil or Doppler shifting, and they pre-
sume energy balance between the incoming photon and the two
outgoing photons. That is, DC here includes no energy exchange
with electrons and so absorption only drives the photon distribu-
tion to Planck at its own radiation temperature. Energy exchange
from single Comptonization dominates that one would obtain from
recoil/Doppler for double Compton, so the energy exchange from
Eq. (E2) is sufficient as a independent (non-DC) mechanism to
drive thermal equilibrium between electrons and photons. Unlike
free-free, electrons can be completely cold and DC emission still
occurs if there are seed photons (Lightman 1981).
We are not aware of work done to establish the Razin effect
with Double Compton, so we apply the same approach used for
bremsstrahlung.
E4 Tabulating/Fitting Double Compton
The dimensionfull factor for the DC opacity is
h(ne,Tγ, e−ξ) = 7.360 × 10−46neT 2γe−ξ (E17)
where the e−ξ factor was pulled from the dimensionless in-
tegrals. Now the residual factor κa,DC/(p(θe)h(ne,Tγ, e−ξ)) and
κan,DC/(p(θe)h(ne,Tγ, e−ξ)) can be tabulated. The DC emission
opacity is obtained by choosing Teq = Tγ and µeq = 0, but that still
leaves the emission opacity dependent upon the radiation µ from
the DC jν.
For HARMRAD, we fit the opacity residuals. For DC our ap-
proach is to first fit the regime θe  1 where the residual is constant
vs. θe, and then find a rough fit vs. θe & 0.01 when the opacity be-
gins to change by more than 20% vs. θe.
For any θe, the residual factors κa,DC/(p(θe)h(ne,Tγ, e−ξ)) and
κan,DC/(p(θe)h(ne,Tγ, e−ξ)) can be fit by the form(
κ{a,an},DC
p(θe)h(ne,Tγ, e−ξ)
)−1
≈ a−1 +
(
bθ−cγ
)−1
+
(
dθ−c/3γ
)−1
, (E18)
with a relative error less than 20%. For DC, we choose densities
and temperatures relevant for an Eddington-accreting BH X-ray bi-
nary, which enters the Razin cut-off and modification of the BE
distribution. DC for diffuse systems like SgrA* is much lower than
synchrotron due to the very low radiation temperature of thermal
synchrotron, so it is not considered.
For θe  1, we obtain fits are accurate to less than 20% rel-
ative error for all 10−4 6 θγ 6 102 and 0 6 e−ξ 6 1. The energy
absorption opacity coefficients are
a = 4.16(1 − (e−ξ))1.69 + 6.7(e−ξ)0.942 + 3.1 × 10-8 (E19)
b = −0.0334(1 − (e−ξ))0.469 − 0.0021(e−ξ)0.0217 + 0.042
c = −0.18(e−ξ)33. + 0.201(1 − (e−ξ))0.258 + 3.8
d = 0.0169(e−ξ)35.4 − 0.0626(1 − (e−ξ))0.35 + 0.118
The energy emission opacity coefficients are
a = −0.0589(1 − (e−ξ))10.7 + 0.488(e−ξ)1.75 + 6.34 (E20)
b = 0.0282(e−ξ)1.56 + 0.0142(1 − (e−ξ))0.361 + 0.00875
c = −0.16(e−ξ)15.4 + 0.184(1 − (e−ξ))0.366 + 3.78
d = 0.015(e−ξ)26.3 − 0.0256(1 − (e−ξ))0.398 + 0.119
The Planck limit gives coefficients {a, b, c, d} =
{6.83, 0.0374, 3.63, 0.134} for the energy absorption and emission
opacities.
The number absorption opacity coefficients are
an = 29.4(e−ξ)285. − 76.4(1 − (e−ξ))0.136 + 87.5 (E21)
bn = 0.196(e−ξ)18.1 − 1.12(1 − (e−ξ))0.134 + 1.16
cn = 0.0427(1 − (e−ξ))182. − 0.8(e−ξ)21.6 + 3.93
dn = 1.87(e−ξ)309. − 2.72(1 − (e−ξ))0.106 + 2.86
The number emission mean opacity coefficients are
an = −81.7(e−ξ)1.01 − 94.8(1 − (e−ξ))0.925 + 198. (E22)
bn = 1.31(e−ξ)1.12 + 1.05(1 − (e−ξ))0.249 + 4.8 × 10-11
cn = −0.418(e−ξ)14.8 + 0.442(1 − (e−ξ))0.361 + 3.44
dn = 1.37(e−ξ)31.3 − 1.38(1 − (e−ξ))0.316 + 3.38
The Planck limit gives coefficients {an, bn, cn, dn} =
{116., 1.34, 3.03, 4.72}.
To obtain a rough fit that will be accurate for θe & 0.01, we fit
the ratio of the higher θe opacities to the θe  1 opacity. This gives
a fit to the ratio p(θe) of the general opacity to the θe  1 opacity
p(θe) ≈ (1 + θe)−3 (E23)
which does not change the accuracy at low θe but improves the ac-
curacy for θe 6 1 to be within a factor of three or better and θe 6 0.1
to be within a factor of two or better. This factor p(θe) gives the
same correction and accuracy for all opacities (energy absorption,
number absorption, energy emission, and number emission). The
DC calculation is only accurate for θe . 1, beyond which pair pro-
duction processes (not included) become important.
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